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Abstract
This article explores possible embeddings of the Standard Model gauge group and its mat-
ter representations into F-theory. To this end we construct elliptic fibrations with gauge group
SU(3)× SU(2)× U(1)× U(1) as suitable restrictions of a Bl2P2-fibration with rank-two Mordell-
Weil group. We analyse the five inequivalent toric enhancements to gauge group SU(3) × SU(2)
along two independent divisors W3 and W2 in the base. For each of the resulting smooth fibrations,
the representation spectrum generically consists of a bifundamental (3,2), three types of (1,2)
representations and five types of (3,1) representations (plus conjugates), in addition to charged
singlet states. The precise spectrum of zero-modes in these representations depends on the 3-form
background. We analyse the geometrically realised Yukawa couplings among all these states and
find complete agreement with field theoretic expectations based on their U(1) charges. We classify
possible identifications of the found representations with the Standard Model field content exten-
ded by right-handed neutrinos and extra singlets. The linear combination of the two abelian gauge
group factors orthogonal to hypercharge acts as a selection rule which, depending on the specific
model, can forbid dangerous dimension-four and -five proton decay operators.
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1 Introduction
If string theory is indeed the correct ultra-violet completion of Quantum Field Theory in presence
of gravity, it must be possible to derive the observed Standard Model of Particle Physics as one of
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the consistent four-dimensional vacuum solutions to the string equations of motion. A very efficient
approach to embedding the Standard Model into string theory is via Grand Unified Theories (GUTs)
of particle physics. In this context, exceptional symmetry based on the Lie groups E6, E7 or E8 is
known to play a distinguished role. In fact, the success of particle physics model building in heterotic
E8 × E8 string theory, recent examples being [1–4] and references therein, is largely due to the ease
with which exceptional symmetry arises here.
In string vacua with branes, exceptional symmetry requires non-perturbative ingredients such as
[p, q]-strings in strongly coupled Type IIB theory. In order to extend the GUT paradigm to string
theories with branes one therefore has to leave the perturbative regime. Indeed considerable effort has
been invested recently into exploiting such non-perturbative effects in the context of GUT phenomen-
ology in F-theory as initiated in [5–8] (see e.g the reviews [9–11] for more references).
On the other hand, in string compactifications with branes a rather different route towards the
Standard Model suggests itself which directly yields the observed gauge group SU(3)×SU(2)×U(1)Y
without any detour via a GUT group such as SU(5) or SO(10). This approach has traditionally been
pursued in a perturbative context with intersecting D-branes in Type IIA or Type IIB orientifold
theories [12–14], where stacks of multiple D-branes in general position give rise to gauge group U(N)
and thus the building block of the Standard Model gauge group. The apparent unification of the gauge
couplings, which is particularly well motivated in models with low-energy supersymmetry, translates
into a relation on the volume of the D-branes on which the Standard Model is realised [15]. The
construction of Standard-like models via such intersecting branes in Type II orientifolds has been
pursued in a rich literature reviewed for instance in [16–20].1
A distinctive organising principle for the couplings between the charged particles of such brane
vacua is provided by abelian selection rules. In perturbative Type II orientifolds, as pointed out
already, the gauge group on a stack of N multiple branes is U(N) = SU(N)×U(1)/ZN . The diagonal
abelian gauge group factor typically receives a Stu¨ckelberg mass induced by the coupling to the closed
string axions [27], but remains as a perturbative selection rule (‘massive U(1)’) constraining the struc-
ture of perturbatively allowed couplings. These selection rules can only be broken non-perturbatively
by D-brane instantons [28–32], oftentimes to an exact discrete Zk symmetry [33–37]. Such selection
rules can be a curse or a blessing: As one of their advantages, they can forbid undesirable, dangerous
couplings, e.g. interactions that would induce unacceptably rapid proton decay. In this sense, for
instance the origin of baryon or lepton number in the Standard Model can be traced to perturbatively
exact symmetries from a string theory perspective. Similarly, extra U(1) symmetries may conspire
to perturbatively forbid hierarchically suppressed couplings, which in turn are generated only non-
perturbatively, thereby explaining their smallness. A systematic analysis of the phenomenology of
such effects in perturbative MSSM quivers can be found in [38–40].
On the other hand, extra U(1) symmetries can also forbid desirable couplings. Consider a real-
isation of the Standard Model via brane stacks of the form U(3)a ×U(2)b ×U(1)c plus possible extra
U(1) branes. The left-handed quark Q resides in representation (3,2)1a,−1b (with subscripts denoting
the U(1) charges) and the up-type Higgs Hu, say, in representation (1,2)1b,−1c . If the right-handed
up-quarks ucR are realised as the antisymmetric representation of U(3), i.e. u
c
R = (3,1)−2a , the U(1)
charges prohibit a perturbative Yukawa coupling QucRHu even though this coupling is allowed by the
Standard Model gauge symmetry itself.
This example is similar to the well-known [41, 42] absence of a perturbative coupling 10 10 5 in
attempts to realise an SU(5) GUT with perturbative intersecting branes via U(5)a × U(1)b. This
1For example, most recently Standard-like vacua have been constructed in toroidal orientifolds in [21,22] and in RCFT
orientifolds in [23, 24]. See [25, 26] and references therein for recent advances in realistic model building with branes at
singularities.
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problem is beautifully solved in F-theory models, where such a coupling arises at a non-perturbative
point of E6 enhancement [5–8]. Such enhancement points signal that the brane configuration is not
smoothly connected in moduli space to a well-defined Type IIB limit [43, 44] and one should think
of the matter states as arising from multi-pronged [p, q]-strings, which are perturbatively absent.
Equivalently, the underlying reason for existence of a 10 10 5 coupling in F-theory is that the structure
of U(1) gauge symmetries in F-theory can be much more general than in the subclass of perturbative
Type IIB models. Indeed, in a more general F-theory model without a smooth Type IIB limit, SU(N)
gauge symmetries are not necessarily accompanied by extra diagonal U(1) factors.2 The structure
of abelian gauge symmetries in F-theory is a particularly rich topic with beautiful connections to
algebraic geometry and has been investigated in great detail in the very recent literature [45, 49–66],
motivated in part by the need for extra U(1) selection rules in the context of F-theory GUT model
building [11,67–72].
Given the crucial role of U(1) selection rules for Standard Model building on the one hand and the
striking differences between the structure of U(1) selection rules in perturbative and non-perturbative
models on the other hand, it is an obvious question to what extent direct, non-GUT realisations of
the Standard Model in F-theory differ from their perturbative, well-studied counter-parts. Motivated
by our interest in extending our knowledge of realistic vacua to new, unexplored regions of the land-
scape, we therefore investigate in this work the possibilities of directly constructing string vacua with
Standard Model gauge group and matter representations in F-theory. For phenomenological reasons
we focus on string vacua which in addition to the Standard Model gauge group allow for one abelian
group factor. This extra U(1) will eventually acquire a Stu¨ckelberg mass term upon switching on
gauge flux (as required to generate a chiral spectrum) and remain as a perturbative selection rule,
which will help avoid in principle dangerous dimension-four (and higher) proton decay operators.
Our approach is therefore to construct elliptic fibrations for F-theory compactifications with gauge
group SU(3)× SU(2)×U(1)1 ×U(1)2 such that one linear combination of U(1)1 and U(1)2 will play
the role of hypercharge U(1)Y and stay exactly massless even in presence of gauge fluxes. To this end
we start with an elliptic fibration with gauge group U(1)1 ×U(1)2 and further constrain the complex
structure moduli such as to create the non-abelian gauge group factors SU(3) × SU(2). Elliptic
fibrations with gauge group U(1)1×U(1)2 have been analysed in detail in [57,58,60–62]. In section 2
we summarise their main properties with special emphasis on the structure of Yukawa couplings among
the charged singlet states. We then analyse the subclass of all possible gauge group enhancements
to SU(3) × SU(2) × U(1)1 × U(1)2 which can be achieved torically. This amounts to studying the
SU(2) and SU(3) tops [73, 74] over the U(1)1 × U(1)2-fibrations, which generate the corresponding
singularities in the fibre over two independent divisors W2 and W3. The construction of the Standard
Model gauge group in F-theory has previously been approached in [75–77] via a geometric deformation
of an SU(5) singularity along a single divisor such that the SU(3) and SU(2) singularities arise over
homologous divisors. This is different to our approach, where both divisors are generically unrelated.
For our U(1)1 × U(1)2 fibration, there are three tops for SU(2) and SU(3) each [78]. In sections
3 and 4 we compute in turn the structure of matter curves and the geometrically realised Yukawa
couplings in models with an extra SU(2) and SU(3) gauge symmetry, respectively. We exemplify our
computations for one of the two possible tops and relegate the details of the remaining analysis to
appendices B and C. In section 5 we combine these results into a single elliptic fibration with gauge
group SU(3)×SU(2)×U(1)1×U(1)2. Of the a priori 3×3 resulting types of fibrations, only five turn
out to be inequivalent. In each of the five inequivalent fibrations, the structure of matter fields charged
only under SU(3) or SU(2) (and/or the abelian gauge groups) carries over, but a new field arises at
the intersection of the two non-abelian stacks. In generic situations, to which we restrict ourselves,
2See, however, [45–48] for the description of such overall massive U(1)s in F-theory.
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this field transforms in the (3,2)-representation and plays the role of the left-handed quarks in the
Standard Model. We analyse all possible Yukawa couplings involving this state. Interestingly, one of
the couplings turns out to correspond to a non-standard Kodaira fibre. Our approach is to analyse
the elliptic fibre in full generality. For a sufficiently generic base space B, these fibrations define a
smooth elliptically fibred Calabi-Yau fourfold suitable for F-theory compactification.
In section 6, we match the various matter representations of the five inequivalent types of fibrations
with the Standard Model fields, working in the context of the MSSM with extra singlets and an a
priori unspecified supersymmetry breaking scale. Since the fibrations under consideration give rise to
five different types of (3,1)-fields and three different classes of (1,2)-fields, each localised on a different
matter curve and with different U(1) charges, a plethora of possible identifications exists, which we list
in appendix D. In principle, different generations of matter can be distributed over different curves.
This way some of the generations may enjoy a perturbative Yukawa coupling, while others remain
perturbatively massless. An important distinctive property of the so-obtained MSSM candidate setups
is the spectrum of perturbatively allowed dimension-four and -five couplings. We list all possible such
couplings. For a low supersymmetry breaking scale, certain combinations of these couplings lead to
unacceptable proton-decay, while in scenarios with intermediate or high-scale supersymmetry breaking
the constraints are more relaxed. With an eye on the possibility of intermediate scale supersymmetry
breaking, we do not exclude any models based on such dimension-four and -five couplings. A more
detailed phenomenological assessment will appear in future work.
The philosophy behind our classification of ‘toric Standard Models’ is that gauge fluxes ensure the
correct spectrum of MSSM matter. In particular, the remaining fundamental and singlet fields which
are exotic states from an MSSM perspective are assumed to be absent at the massless level by virtue
of a suitable choice of fluxes. In section 7 we summarise the constraints on these fluxes, especially
from the requirement that hypercharge remain massless, leaving a more systematic treatment of gauge
fluxes for the future. Such an analysis will be required to determine which of the Standard Model
fibrations can also encompass the physically required number of zero-modes for the various fields,
in particular in which cases no chiral exotics are forced upon us. We conclude in section 8 with an
outlook and open questions.
2 F-theory with U(1)× U(1) Gauge Group
We are interested in engineering F-theory vacua with Standard Model gauge group SU(3)× SU(2)×
U(1)Y and one additional abelian gauge group factor. Our starting point are therefore elliptic fibrations
which allow for two abelian gauge groups U(1)1 and U(1)2; a further restriction of the complex
structure of such fibrations will then induce the non-abelian factors SU(3) × SU(2). One linear
combination of U(1)1 and U(1)2 will correspond to U(1)Y , while the remaining combination must
become massive by a flux-induced Stu¨ckelberg mechanism and act as an extra selection rule on the
couplings of the model.
F-theory compactifications with two abelian gauge groups are based on elliptic fibrations with
Mordell-Weil group of rank two. Such elliptic fibrations allow for a description as the vanishing locus
of the hypersurface equation [57,58,60–62]
PT =v w(c1 w s1 + c2 v s0) + u (b0 v
2 s20 + b1 v w s0 s1 + b2 w
2 s21)+
u2(d0 v s
2
0 s1 + d1 w s0 s
2
1 + d2 u s
2
0 s
2
1)
(2.1)
inside a Bl2P2-fibration. Such types of fibration had previously been considered also in [79]. The
ambient space Bl2P2 of the elliptic fibre is a toric space which has the toric diagram represented by
polygon 5 in the classification [78] (see also figure 2 in the appendix). Here and in the sequel we will
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b0 b1 b2 c1 c2 d0 d1 d2
α− β + K¯ K¯ −α+ β + K¯ −α+ K¯ −β + K¯ α+ K¯ β + K¯ α+ β + K¯
Table 2.1: Classes of the sections appearing in (2.1) for α and β pullback of ‘arbitrary’ classes of B
and K = pi−1KB.
stick to the notation of [57, 61] and denote the coordinates of Bl2P2 by u, v,w, s0, s1, where s0 and
s1 correspond to two blow-up P1s inside P2 with homogeneous coordinates [u : w : v]. The Stanley-
Reisner ideal is generated by {u v,u w, s0 w, s1 v, s0 s1} and the divisor classes associated with the fibre
ambient space coordinates are given as follows:
u v w s0 s1
U 1 1 1 · ·
S0 · · 1 1 ·
S1 · 1 · · 1
(2.2)
The quantities bi, cj , dk transform as sections of certain line bundles over the base B of the fibration,
whose class is determined by the requirement that the fibration is Calabi-Yau. These classes are
collected in table 2.1 (taken from [61]; see also [58, 60, 62]). For suitable 3-dimensional base spaces B
the hypersurface (2.1) then describes a smooth elliptically fibred Calabi-Yau 4-fold
pi : Y4 → B. (2.3)
It exhibits three independent rational sections
U = {u}, S0 = {s0}, S1 = {s1}. (2.4)
Throughout the article we use, unless stated otherwise, {. . .} as a short-hand notation for {. . . = 0}.
One of these sections, e.g. S0, can be interpreted as the zero-section.
3 The image of the remaining two
independent sections under the Shioda map [81–83] then identifies the generators of two independent
U(1) gauge groups as [57,58,60,61]
ω1 = S1 − S0 −K,
ω2 = U − S0 −K − [c1],
(2.5)
where K = pi−1KB is the pre-image of the anti-canonical bundle of the base B. Here and in the sequel
our notation does not distinguish between a divisor (class) and its dual 2-form.
In our analysis of the matter representations of F-theory compactified on Y4 we will also need
the form of the singular Weierstrass model which is birationally equivalent to the blow-down of the
hypersurface (2.1) (i.e. the hypersurface inside the P2-fibration over B achieved by setting s0 = s1 = 1
in (2.1)). The explicit map of this blow-down to Weierstrass form
y2 = x3 + f x z4 + g z6 (2.6)
has been worked out in the physics literature in [57, 58, 60, 61]. In our subsequent analysis we will
make use of the expression for the Weierstrass sections f and g in terms of the defining sections
3The fact that all three independent sections are rational (as opposed to holomorphic) is an artefact of the represent-
ation of the fibration as a hypersurface. Indeed, the fibration is birationally equivalent to a complete intersection which
does exhibit a holomorphic zero-section [61]. The pre-image of this section under the birational map can be identified
with the zero section [57, 61]. Alternatively, one can define an F-theory compactification with a rational zero-section as
in [58,60,80].
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bi, cj , dk appearing in (2.1) as given after equation (2.38) and (2.39) in [57], which we recall here for
completeness,
f = −13d2 + c e and g = −f
(
1
3d
)− (13d)3 + c2 k, (2.7)
where
d = b21 + 8 b0 b2 − 4 c1 d0 − 4 c2 d1,
c = − 4
c1
(b0 b
2
2 − b2 c1 d0 + c21 d2),
e =
2c1
(
b0
(
b1c1d1 − b21b2 + 2b2c1d0 + 2b2c2d1 − 2c21d2
))
b0b22 + c1(c1d2 − b2d0)
+
+
2c1
(−2b20b22 + c2(b1b2d0 + b1c1d2 − 2b2c2d2 − 2c1d0d1))
b0b22 + c1(c1d2 − b2d0)
,
k =
c21(b0b1b2 − b0c1d1 − b2c2d0 + c1c2d2)2(
b0b22 + c1(c1d2 − b2d0)
)2 .
(2.8)
2.1 Charged Singlets and Their Yukawa Couplings
The fibration gives rise to six types of charged singlet states 1(i) localised on curves on B, which have
already been analysed in [57, 58, 60–62]. Here we continue with the analysis of [57, 61] (alternatively,
see [58,60]), which derives the curves as loci in the base over which the fibre of the blown-down version
of (2.1) exhibits a conifold singularity. These loci are given as the union of the set of solutions to each
of the following three pairs of equations,
0 = d0 c
2
2 + b
2
0 c1 − b0 b1 c2 ,
0 = d1 b0 c2 − b20 b2 − c22 d2 ,
(2.9)
and
0 = d0 b2 c1 − b0 b22 − c21 d2 ,
0 = d1 c
2
1 − b1 b2 c1 + b22 c2 ,
(2.10)
and
0 = d0 c
3
1 c
2
2 + b
2
0 c
4
1 − b0 b1 c31 c2 − c32(b22 c2 − b1 b2 c1 + c21d1) ,
0 = d2 c
4
1 c
2
2 + (b0 c
2
1 + c2 (−b1 c1 + b2 c2))(b0 b2 c21 + c2(−b1 b2 c1 + b22 c2 + c21 d1)) .
(2.11)
In [57,61] three singlet curves were identified as complete intersections: C(1) = {b0}∩{c2} solves both
(2.9) and (2.11), C(3) = {b2} ∩ {c1} solves (2.10) and (2.11), and C(5) = {c1} ∩ {c2} solves (2.11). If
one inserts these equations into the hypersurface equation (2.1) one confirms that the fibre factorises
into two P1s and can identify the singlet states as M2-branes wrapping one of the fibre components.
The remaining three curves were represented in [57, 61] as (2.9) with b0 6= 0 6= c2 (C(2)), (2.10) with
b2 6= 0 6= c1 (C(4)), and (2.11) with b0 6= 0 6= b2 and c1 6= 0 6= c2 (C(6)). Plugging these more lengthy
expressions into the hypersurface equation also leads to a factorisation of the fibre, i.e. the appearance
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of charged singlets. Their location and charges are summarised as follows:
singlet locus
(U(1)1, U(1)2)-
charges
1(1)/1
(1) {b0} ∩ {c2} (1,−1)/(−1, 1)
1(2)/1
(2)
C(2) (1, 0)/(−1, 0)
1(3)/1
(3) {b2} ∩ {c1} (1, 2)/(−1,−2)
1(4)/1
(4)
C(4) (1, 1)/(−1,−1)
1(5)/1
(5) {c1} ∩ {c2} (0, 2)/(0,−2)
1(6)/1
(6)
C(6) (0, 1)/(0,−1)
(2.12)
From the charge assignment we expect six types of Yukawa couplings. Of these, the couplings
1(1) 1
(4)
1(5) over b0 = c1 = c2 = 0, 1
(2) 1
(3)
1(5) over b2 = c1 = c2 = 0, and 1
(2) 1
(4)
1(6) over
C(2) ∩C(4) ∩C(6) can in fact be directly seen [57,58] when plugging in the corresponding equations of
the curves into the hypersurface equation. However the charges also allow for couplings 1(1) 1
(2)
1(6),
1
(3)
1(4) 1(6) and 1
(5)
1(6) 1(6), which due to the form of the curves C(2), C(4), C(6) are more com-
plicated to analyse. The difficulty is that the set of solutions to equations (2.9) to (2.11) consists of
several irreducible components which intersect each other precisely at the interesting Yukawa points.
To find an appropriate form of the singlet curves, we apply a classic method in algebraic geometry
(e.g. [84–86]), which in the context of F-theory has been first presented in [60, 62] (‘technique using
prime ideals’, see also [87]).
The general idea is that the expressions on the right-hand sides of equations (2.9) – (2.11) are
elements of the polynomial ring R = C[bi, cj , dk]. If we formally treat the sections bi, cj , dk as inde-
pendent variables of these polynomials, then basic algebraic geometry tells us that the common zero
locus V ({fn}) of a set of polynomials fn ∈ R is the same as the common zero locus of the ideal
generated by {fn}, V ({fn}) = V (〈{fn}〉). Intersections of zero loci are described by the formula
V (I1) ∩ V (I2) = V (I1 + I2), where I1 + I2 is the sum of ideals. Each (proper) ideal I  R has a
so-called primary decomposition I =
⋂r<∞
i=1 Ji, where Ji are termed primary ideals; by definition, the
radical
√
Ji is a prime ideal (in fact the smallest containing Ji), more precisely it is the (minimal)
associated prime ideal. Translated into geometry this means that the vanishing locus is decomposed
into components V (I) =
⋃r<∞
i=1 V (Ji) =
⋃r<∞
i=1 V (
√
Ji), where the last equality is a consequence of the
famous ‘Hilbert’s Nullstellensatz’ (see e.g. [86]). The components V (
√
Ji) are precisely the irreducible
components of V (I). Furthermore, one can compute the codimension of V (I) algebraically via the
so-called Krull dimension dimK of the quotient ring R/I: codimV (I) = dimK R− dimK R/I.
After this short mathematical interlude, the procedure to find the singlet curves and also the
Yukawa points becomes clear: The right-hand sides of equations (2.9), (2.10) and (2.11) define three
ideals generated by two polynomials. Their associated prime ideals with such Krull dimension that
their vanishing locus has codimension two correspond to curves in the three-dimensional base – the
matter curves. Yukawa points arise at intersections of three matter curves; correspondingly we have to
form the sum of prime ideals associated to the matter curves involved. In general, when we compute
the associated prime ideals of such a sum and calculate their Krull dimension, we will find that the
intersection locus has a number of irreducible components with different codimensions. On a generic
three-dimensional base, Yukawa points correspond to the codimension-three components, while all
higher-codimension components are absent; hence if we compute the intersection of certain curves and
only find codimension-four or higher components, we conclude that these curves cannot meet in a
generic three-dimensional base and form Yukawa couplings.
We have carried out the calculations using the computer algebra system Singular4 [88] and
4We would like to thank Hernan Piragua for introducing us to the ‘prime ideal technique’ in Singular. See also [87].
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indeed find the six associated prime ideals listed in [60, 62]. Three of them have only two generators,
I(1) = 〈b0, c2〉, I(3) = 〈b2, c1〉, I(5) = 〈c1, c2〉; their corresponding vanishing loci are the complete
intersection curves listed in (2.12). The other three associated prime ideals I(2), I(4) and I(6), which
are associated prime ideals of (2.9), (2.10) and (2.11), respectively, now correspond to the curves C(2),
C(4) and C(6) in our previous notation. They have more generators, which are quite lengthy polynomial
expressions in bi, cj , dk; our findings for their explicit form coincide with the results presented in [60,62].
With this technique we can now analyse the Yukawa couplings 1(1) 1
(2)
1(6), 1
(3)
1(4) 1(6) and
1
(5)
1(6) 1(6). To this end we first calculate the associated prime ideals of the sum of the ideals corres-
ponding to the curves. In each case we indeed find one prime ideal corresponding to a codimension-
three zero locus, confirming the existence of the intersection points of those triplets of singlet curves.
All three codimension-three intersection loci are in fact complete intersections,
V (I(1)) ∩ V (I(2)) ∩ V (I(6)) =
{b0} ∩ {c2} ∩ {b22 d20 − b1 b2 d0 d1 + c1 d0 d21 + b21 b2 d2 − 2 b2 c1 d0 d2 − b1 c1 d1 d2 + c21 d22} ,
(2.13)
V (I(3)) ∩ V (I(4)) ∩ V (I(6)) =
{b2} ∩ {c1} ∩ {b20 d21 − b0 b1 d0 d1 + c2 d1 d20 + b0 b21 d2 − b1 c2 d0 d2 − 2 b0 c2 d1 d2 + c22 d22} ,
(2.14)
V (I(5)) ∩ V (I(6)) ∩ V (I(6)) =
{c1} ∩ {c2} ∩ {b1 d0 d1 − b2 d20 − b0 d21 − b21 d2 + 4 b0 b2 d2} .
(2.15)
Interestingly, the last set of Yukawa points (2.15) coincides with the singular locus of V (I(6)). Due to
the complicated form of V (I(6)) (it has 39 generators which themselves are complicated polynomials),
we have not determined the type of the singularity, but the form of the Yukawa coupling involving
two 1(6)-states suggests that it is a point of self-intersection of the 1(6)-curve where also the 1(5)-curve
passes through.
The final proof for the existence of the Yukawa couplings comes by inspecting the fibre over
the intersection points. The couplings 1(1) 1
(2)
1(6) and 1
(3)
1(4) 1(6) have already been argued to
exist geometrically in [60] using the ‘prime ideal technique’, and independently in [61] in an indirect
manner by exploiting their formal relation to the chiral index of certain G4-fluxes. Here we therefore
focus on the remaining 1
(5)
1(6) 1(6) coupling. If we solve the last equation in (2.15) for b1 = (d0 d1 ±√
d20 − 4 b0 d2
√
d21 − 4 b2 d2)/(2 d2), we see that the complete intersection locus (2.15) really consists
of two sets of points defined by each sign. Note that as far as codimension-three loci are concerned
the appearance of the square root or of d2 in the denominator does not pose any problems. Plugging
this together with c1 = c2 = 0 into the hypersurface equation (2.1) yields, after some tedious algebra,
the factorisation
PT |c1=c2=0, b1=(d0 d1±√d20−4 b0 d2
√
d21−4 b2 d2)/(2 d2)
=
1
4 d2
u
×
[
2 d2 s0 s1u +
(
d0 −
√
d20 − 4 b0 d2
)
s0 v +
(
d1 ±
√
d21 − 4 b2 d2
)
s1w
]
×
[
2 d2 s0 s1u +
(
d0 +
√
d20 − 4 b0 d2
)
s0 v +
(
d1 ∓
√
d21 − 4 b2 d2
)
s1w
]
,
(2.16)
which is well-defined since no fibre coordinate appears under the square root. The fibre component
defined by the factor u corresponds to the singlet state 1
(5)
, as explicit calculation of the intersection
numbers with the U(1) generators (2.5) using the Stanley-Reissner ideal and the divisor table (2.2)
quickly shows. The other two components are obviously in the same divisor class of the fibre ambient
space and must have the same intersection numbers; indeed their intersection numbers with the U(1)
generators reveal that both correspond to 1(6)-states. Furthermore, each component intersects the
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others exactly once, giving rise to an affine SU(3) diagram. Similar calculations also verify the
analogous fibre structure enhancement over the other two Yukawa points (2.13) and (2.14). More
details may be found in [89].
2.2 Introducing Non-Abelian Symmetry
Non-abelian gauge symmetry arises if the sections gm ∈ {bi, cj , dk} appearing in (2.1) take a non-
generic form such that the fibration acquires a singularity in the fibre over one or several divisors in the
base. A special type of such gauge enhancement is realised by restricting every section gm ∈ {bi, cj , dk}
such that it exhibits a certain vanishing order k along a divisor W = {w} in the base. In other words,
one restricts
gm = gm,kw
k, (2.17)
where now gm,k is a generic section of class [gm]− k[W ] in the base; in particular, it does not vanish
identically on W .5
The complex structure restrictions of type (2.17) compatible with gauge group G along W can be
determined with the help of toric geometry and are encoded in the construction of toric tops [73,74].
The possible tops for all sixteen hypersurface realisations of genus-one fibrations have been classified
in [78]. The top construction directly gives the resolution of the singularities in the fibre over w = 0.
The toric resolution of a singularity associated with gauge group G of rank r introduces blow-up
coordinates ei, i = 1, . . . , r together with new scaling relations in the toric ambient space of the fibre.
The hypersurface equation is replaced by a hypersurface in the blown-up ambient space in which each
gm is replaced by gm,k e
k
0 e
l1
1 e
l2
2 . . . e
lr
r for suitable powers li. For details on how to read off these li
from the toric tops we also refer to [61].
The vanishing set {e0} ∩ {PT } is a divisor in the resolved fourfold which can be identified with
the fibration of the original (singular) fibre without the singular point over W , i.e. the generic fibre
has the topology of a P1. Each of the sets {ei} ∩ {PT }, i > 0 is a resolution divisor Ei, which –
over a generic point in W – introduces one further P1 to resolve the singularity of the fibre. The
intersection diagram of these P1s over a generic point in W is the affine Dynkin diagram of the non-
abelian gauge group. The resolution divisors Ei,i>0 correspond to (minus) the simple roots of the
gauge Lie algebra. As in the case of the singlets, the P1s in the fibre can split over special curves and
points (codimension-two and -three, respectively) in the base, leading to the appearance of matter
states charged under the non-abelian gauge group and Yukawa couplings involving these states and
also the charged singlets. Note that an alternative procedure to detect such matter via a deformation
(as opposed to resolution) of the singular fibres has been described recently in [91,92].
The complex structure moduli restrictions (2.17) affect the precise location of the charged singlets
in the base (but not their charges). In general the loci displayed in (2.12) will contain components
with non-abelian matter, which we have to disregard when we focus on the singlets. For the singlets
1(i) with i = 1, 3, 5 this is simply done by replacing the coefficients gm that are supposed to vanish
by their factors gm,k that do not vanish identically on W . For the other singlets we can again use
Singular to determine the prime ideals associated with the curves.
5Other types of non-abelian singularities would involve non-trivial relations between the gm rather than factorisations
of the type (2.17), as studied recently in the context of fibrations with Mordell-Weil group of rank one in [55,90].
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3 Toric Fibrations with Additional SU(2) Symmetry
In this section we analyse in detail toric realisations of gauge group SU(2) along a base divisor
W2 : {w2 = 0} (3.1)
in elliptic fibrations of type (2.1). As detailed in appendix A, the fibres of such toric models are
described by the three A1-tops over polygon 5 [78]. The resolution of an SU(2) singularity over a
divisor W2 requires one resolution divisor E1 corresponding to the single (simple) root −α. Over a
generic point on W2, the fibre splits into two P1-components described by
P1i = {ei} ∩ {PT } ∩ Ya ∩ Yb (3.2)
for i = 0, 1, where Ya,b are two generic divisors in the base. These two P1s intersect in the affine SU(2)
diagram and will split into further P1s over matter curves and Yukawa points.
3.1 SU(2)-I Top
The first A1-top, depicted in figure 3 in appendix A, corresponds to the following restrictions of the
coefficients of the hypersurface equation (2.1),
b0 = b0,1 e0, b2 = b2,0 e1, c1 = c1,0 e1, d0 = d0,1 e0, d2 = d2,1 e0, (3.3)
while the other coefficients remain unrestricted. Concretely, the hypersurface describing the resolved
elliptic fibration is given by
PT =v w(c1,0 e1 w s1 + c2 v s0) + u (b0,1 e0 v
2 s20 + b1 v w s0 s1 + b2,0 e1 w
2 s21)+
u2(d0,1 e0 v s
2
0 s1 + d1 w s0 s
2
1 + d2,1 e0 u s
2
0 s
2
1).
(3.4)
This is the blow-up of a singular fibration with an A1-singular fibre over the base divisor W2 = {w2}
with pi−1W2 = E0E1. The singular fibration is obtained by setting e1 = 1 and identifying e0 with w2.
One can map this blow-down to Weierstrass form (2.6) and confirm a Kodaira fibre of (split) type I2
over {w2} from the vanishing orders (0, 0, 2) of (f, g,∆).
The top allows two different triangulations. For definiteness, we choose one of these triangulations,
for which the Stanley-Reisner-ideal (SR-ideal) is generated by
u v, u w,w s0, v s1, s0 s1, e0 w, e1 s0, e1 u. (3.5)
From the top one can further read off the scaling relations among the coordinates and their
corresponding divisor classes in the ambient space, which are summarised in the following table:
u v w s0 s1 e1 e0
U 1 1 1 · · · ·
S0 · · 1 1 · · ·
S1 · 1 · · 1 · ·
E1 · · −1 · · 1 −1
(3.6)
In the presence of non-abelian symmetry the U(1) generators (2.5) need to be corrected such that
the SU(2) root has zero U(1) charge. The resulting U(1) generators take the form
ωI1 = S1 − S0 −K +
1
2
E1,
ωI2 = U − S0 −K − [c1,0].
(3.7)
Note that the charges (2.12) of the singlets are not affected as these states are not charged under the
SU(2) root.
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Matter Curves
The Kodaira type of the resolved fibre changes in codimension-two, i.e. over curves along the divisor
W2 in the base. These loci can be found by analysing the vanishing order of the discriminant of the
singular blow-down of (3.4) along with the Weierstrass sections f and g which define the birationally
equivalent Weierstrass model (2.6). One finds
∆ ' w22
(
c2 (c
2
1,0 d1 − b1 b2,0 c1,0 + b22,0 c2) `3 (b21 − 4c2d1)2 +O(w2)
)
(3.8)
with `3 a complicated expression given in table (3.1). A straightforward analysis of the Weierstrass
sections f and g reveals that the fibre over the curves {w2}∩{c2}, {w2}∩{c21,0 d1−b1 b2,0 c1,0+b22,0 c2}
and {w2} ∩ {`3} is of split Kodaira type I3, corresponding to vanishing orders (0, 0, 3) for (f, g,∆).
This indicates an enhancement of the singularity type from A1 to A2 due to the splitting of one of the
fibre components such that the fibre over the curves forms the affine Dynkin diagram of SU(3). The
curves therefore host massless matter multiplets in SU(2) representation 2(q1,q2) plus their conjugates,
with the subscripts denoting the U(1) charges.6 We will explicitly analyse the fibre and compute the
U(1) charges momentarily. By contrast, along {w2} ∩ {b21 − 4c2d1} the fibre is of Kodaira type III,
corresponding to vanishing orders (1, 2, 3) for (f, g,∆). Since the singularity type remains A1, no
charged matter representations arise over this curve, consistent in particular with the results of [93].
The matter curves and U(1) charges are summarised in table 3.1.
matter locus = W2 ∩ . . . splitting of fibre U(1)− highest weightcomponents charges states
2I1 {c2} P10 → P10s1+ P10A (12 ,−1) 2 : P10A, 2 : P10s1
2I2 {c21,0 d1 − b1 b2,0 c1,0 + b22,0 c2} P10 → P10B + P10C (12 , 1) 2 : P10C , 2 : P10B
2I3
{`3} := {b20,1 d21
+b0,1 (b
2
1 d2,1 − b1 d0,1 d1 − 2 c2 d1 d2,1) P11 → P11A + P11B (12 , 0) 2 : P11B, 2 : P11A
+c2 (d
2
0,1 d1 − b1 d0,1 d2,1 + c2 d22,1)}
Table 3.1: Matter states and their charges in the SU(2)-I top. Note that for legibility we have
omitted the conjugate 2-states and their charges, which simply come with the opposite sign as the
shown charges.
The splitting process in the fibre is due to the factorisation of the hypersurface equation over
the enhancement loci. For the first curve, the factorisation is straightforward to see after setting
c2 = e0 = 0 in (3.4),
PT |(e0=0, c2=0) = s1 w
(
c1,0 e1 v w + b1 s0 u v + b2,0 e1 s1 w u + d1 s0 s1 u
2
)
. (3.9)
Since e0 w is in the SR-ideal, w cannot vanish so that the zero locus of (3.9) splits into the zero locus of
s1 and of the expression in brackets, defining the components P0s1 and P0A. One can further calculate
the intersections between these components and P11 (which does not split and remains the root of
SU(2)) and easily verify the structure to be an affine SU(3) diagram. Explicit calculations identify
P10A with the highest weight state of the 2-representation with U(1) charges (
1
2 ,−1), whose states we
denote by 2I1. Correspondingly P10s1 is the highest weight state of the conjugate representation 2
I
1,
whose states have U(1) charges (−12 , 1).
6 Note that the anti-fundamental representation of SU(2) is equivalent to the fundamental, but in the present context
it has the opposite U(1) charges and will therefore be denoted by 2.
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For the second curve defined by W2 ∩ {c21,0 d1 − b1 b2,0 c1,0 + b22,0 c2}, one could solve the equation
for b1, c2 or d1 and plug the expressions into (3.4) to detect a factorisation. However any of these
expressions will involve division by c1,0 or b2,0, which for the analysis of Yukawa points below turns
out to be disadvantageous. Instead we factorise
c21,0 d1 − b1 b2,0 c1,0 + b22,0 c2 =
1
d1
C+ C− with C± = c1,0 d1 − b2,0
(
b1
2
±
√
b21
4
− c2 d1
)
, (3.10)
corresponding to a splitting of the curve into two components W2 ∩ {C± = 0}. Note that the square
root introduces a branch cut in the base along which the two components are interchanged. Therefore
the whole locus W2∩{c21,0 d1−b1 b2,0 c1,0+b22,0 c2} is still one irreducible curve. Furthermore the above
factorisation is valid for generic points for which d1 6= 0. Since, as it turns out, at d1 = 0 no Yukawa
points are localised, this is sufficient for our purposes.
The factorisation (3.10) now allows us to solve C± = 0 for c1,0 and substitute it into the hypersurface
equation. With this substitution we can see that over each part of the curve, P10 splits into two
components,
PT |(e0=0, C±=0)
=
1
d1
[
d1 s1 u + v
(
b1
2
±
√
b21
4
− c2 d1
)]
︸ ︷︷ ︸
P10B
[
b2,0 e1 s1 + d1 s0 s1 u + s0 v
(
b1
2
∓
√
b21
4
− c2 d1
)]
︸ ︷︷ ︸
P10C
, (3.11)
where we have set w = 1 using the SR-ideal. First note that there is no fibre coordinate appearing
under the square roots. Therefore the factorisation defines two irreducible fibre components over each
part W2 ∩ C±. At the branch cut the first/second component over one part of the curve is identified
with the first/second component over the other part so there is no monodromy acting on the fibre
components, making P10B and P10C well-defined on the whole curve. Explicit calculations show that
P10B, P10C and P11 (which again does not split) intersect each other in the affine SU(3) diagram. P10C is
the highest weight state of 2I2 with charges (
1
2 , 1), and P
1
0B is that of 2
I
2 with charges (−12 ,−1).
For the third curve, we apply a similar factorisation method; the defining equation can be written
as
`3 = 1/d
2
1D+D− with D± = b0,1 d21 −
[
c2 d1 d2,1 + (d0,1 d1 − b1 d2,1)
(
b1
2
±
√
b21
4
− c2 d1
)]
.
(3.12)
Again, there is a branch cut in the base coming from the square root which identifies the two parts
W2∩{D± = 0} at the branch locus. The fibre enhancement over each part can be deduced (after some
calculation) by solving D± = 0 for b0,1 and inserting the expression into the hypersurface equation
(3.4). We find that P11 splits into two components,
PT |(e1=0,D±=0) =
1
d1
[
d1 s1 +
(
b1
2
±
√
b21
4
− c2 d1
)
v
]
︸ ︷︷ ︸
P11A
×
[
d2,1 e0 s1 +
[
d0,1 − d2,1
d1
(
b1
2
±
√
b21
4
− c2 d1
)]
e0 v + d1 w s1 +
(
b1
2
∓
√
b21
4
− c2 d1
)
v w
]
︸ ︷︷ ︸
P11B
.
(3.13)
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Analogous to the situation over the second curve, the factors are not interchanged by any monodromy
when passing the branch locus in the base, making the splitting P11 → P11A +P11B well-defined over the
whole curve. The intersection structure together with P10 (which remains irreducible) turns out to be
again the affine SU(3) diagram. P11B is the highest weight state of 2I3 with charges (
1
2 , 0) and P
1
1A is
that of 2
I
3 with charges (−12 , 0).
Yukawa Points
SU(2) matter and singlet curves intersect at codimension-three loci in the base to form gauge invariant
Yukawa couplings of the form 2− 2− 1/1 and 2− 2− 1/1. We list all such couplings in table 3.2.
coupling locus = W2 ∩ . . . splitting of fibre components
2I1 − 2I2 − 1(2) {c2} ∩ {c1,0 d1 − b1 b2,0} P10 → P10s1C + P10AB + P10AC
2I1 − 2I2 − 1(5) {c2} ∩ {c1,0} P10 → P10s1B + P10AB′ + P10AC′
2I1 − 2I3 − 1(1) {c2} ∩ {b0,1} P10 → P10s1+ P10A, P11 → P11A + P11B
2I1 − 2I3 − 1(6) {c2} ∩ {b21 d2,1 − b1 d0,1 d1 + b0,1 d21} P10 → P10s1+ P10A, P11 → P11A + P11B
2I2 − 2I3 − 1(4) ({C+} ∩ {D+}) ∪ ({C−} ∩ {D−}) P10 → P10B + P10C , P11 → P11A + P11B
2I2 − 2I3 − 1(6) ({C+} ∩ {D−}) ∪ ({C−} ∩ {D+}) P10 → P10B + P10C , P11 → P11A + P11B
2I2 − 2I2 − 1(3) {b2,0} ∩ {c1,0} P10 → P10B + P10Cs0 + P10C′
2I3 − 2I3 − 1(2) {b0,1 d1 − c2 d2,1} ∩ {b1 d2,1 − d0,1 d1} P11 → P11A + P11B′ + P11B′′
Table 3.2: Yukawa couplings in the SU(2)-I top.
To derive these, one first checks explicitly that none of the possible Yukawa couplings lies at
d1 = 0 so that the factorisations (3.10) and (3.12) are applicable. The first two couplings arise over
the intersection locus of the 2I1- and 2
I
2-curves. This locus splits into two sets of points, which can
be identified with the intersection of {c2} with {C+} and {d1C−}, respectively. The intersection with
{C+} leads to the first set of Yukawa points, over which the fibre of the divisor E0 splits into three
components P10s1C , P
1
0AB and P10AC . The intersection structure of these three components and P11
(which does not split) forms an affine SU(4) diagram. The splitting of the fibre components (3.1) over
the respective 2-curves arises as follows:
• Approaching the Yukawa points along the 2I1-curve, P10s1 → P10s1C remains irreducible while P10A
splits into two components, P10AB + P10AC .
• From the perspective of the 2I2-curve the Yukawa points lie on the {C+}-part, where the fibre
components P10B and P10C are defined in (3.11) with ‘+’-sign for P10B and ‘−’-sign for P10C . When
we approach the Yukawas by setting c2 = 0, P10B → P10AB remains irreducible while the equation
for P10C splits off a factor s1, giving the splitting P10C → P10s1C + P10AC .
The second set of Yukawa points W2∩{c2}∩{c1,0} can be viewed as the intersection of the {d1C−}-
part of 2I2 with 2
I
1. Again E0 splits into three components, P10s1B, P
1
0AB′ and P
1
0AC′ (the primes denote
that these have different charges under the SU(2) root and the U(1) generators, corresponding to the
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conjugate 2I2-state and a different singlet), which together with P11 form the affine SU(4) diagram.
The splitting processes are as follows:
• Along 2I1, again the component P10s1 remains irreducible and P10A → P10AB′ + P10AC′ splits. The
primes denote that the charge of the components under the SU(2) root and the U(1) generators
are different than over the first Yukawa point.
• Along 2I2, we have to look at the fibre components P10B and P10C over {C−}, which are defined
through (3.11) with the second sign choice; setting c2 = 0 now leaves P10C irreducible, while the
equation for P10B just becomes d1 s1 u, defining the components P10s1B (where s1 = 0) and P
1
0AB′
(where u = 0).
The third and fourth sets of Yukawa points are the intersection points of the 2I1-curve over {c2}
with 2I3 over {d1D−} and {D+}, respectively. The splitting is straightforward and gives the same
P1s with identical charges over both points. What differs, though, is the intersection pattern. Over
the third set, the pattern is P10s1 − P10A − P11A − P11B(−P10s1); M2-branes can wrap the combination
P10s1 + P
1
1B giving rise to 1
(1)
-states, but not P10s1 + P
1
1A, which is needed for 1
(6)-states. Accordingly,
the intersection pattern over the fourth set is P10s1 − P10A − P11B − P11A(−P10s1), allowing 1(6)- but not
1
(1)
-states. Of course, both patterns have the same structure as the affine SU(4) diagram.
The fifth and sixth types of couplings arise over the intersection points between the 2I2- and 2
I
3-
curve. With the factorisations (3.10) and (3.12), these points group into the four intersection loci
of {C±} and {D±}. Analogously to the situation over the previous two types of Yukawa points,
one finds for both the fifth and sixth coupling the same P1s with the same charges, but different
intersection patterns, leading to either 1
(4)
-states over {C±} ∩ {D±} or 1(6)-states over {C±} ∩ {D∓}.
The intersection structure is an affine SU(4) diagram in both cases.
The last two Yukawa points are self-intersection points of 2I2 resp. 2
I
3. For 2
I
2 it is the intersection
point W2 ∩ {b2,0} ∩ {c1,0} of {C+} with {C−} which also lies on the singlet curve 1(3).7 From the
factorisation of the hypersurface equation (3.11) one easily sees that, irrespective of along which part
we approach the point, P10B remains irreducible, while the equation of P10C splits off a factor s0 as we
set b2,0 = 0, thus P10C → P10Cs0 + P10C′ . The last coupling is over the point of {D+} ∩ {D−} which lies
on 1(2). The splitting process here is not obvious from (3.13), but straightforward calculation reveals
that P11B splits into two components. Again, the intersection structure is an affine SU(4) diagram
over both self-intersection points.
Note that, while for the discussion of the Yukawas above we have only used the loci of the 2-
curves to determine the Yukawa points, we have used Singular to verify that indeed all the Yukawa
points (3.2) also lie on the corresponding singlet curve. This is consistent with the appearance of the
associated singlet states in the split fibres as discussed above.
3.2 SU(2)-II and -III Tops
The analysis of the remaining two A1-tops as depicted in figure 3 is very analogous and is carried out
in appendix B, to which we refer for more details. Here we merely collect the massless spectrum and
the associated Yukawa couplings as these will be needed for our construction of Standard-Model-like
F-theory compactifications.
7{C+} and {C−} also have the codimension-three locus W2 ∩ {b21 − 4 c2 d1} ∩ {c1 d1 − 1/2 b1 b2} in common, which is
just the branch locus of the square root. However this set of points does not lie on any singlet curve; consistently there
is no further enhancement in the fibre.
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SU(2)-II Top
The second A1-top, called SU(2)-II top in appendix B.1, leads to an SU(2)-charged matter spectrum
of the following form:
matter U(1)− charges
2II1 (
1
2 ,
3
2)
2II2 (
1
2 ,−12)
2II3 (
1
2 ,
1
2)
(3.14)
All Yukawa couplings allowed by the U(1) charges are realised geometrically. More precisely the set
of Yukawas is given by
2II1 − 2II2 − 1(4), 2II1 − 2II2 − 1(5), 2II1 − 2II3 − 1(3), 2II1 − 2II3 − 1(6),
2II2 − 2II3 − 1(2), 2II2 − 2II3 − 1(6), 2II2 − 2II2 − 1(1), 2II3 − 2II3 − 1(4).
(3.15)
In fact the SU(2)-II top is equivalent to the SU(2)-I top. On way to see this is to notice that upon
identifying the U(1) charges in the two tops as
U(1)II1 = −U(1)I1 ,
U(1)II2 = U(1)
I
2 − U(1)I1 ,
(3.16)
the spectrum and Yukawa structure is exactly the same if one identifies the states 2IIi ↔ 2Ii, i = 1, 2, 3
and exchanges the singlets 1(1) ↔ 1(3),1(2) ↔ 1(4). One can also arrive at this identification from the
symmetries of the tops. More details can be found in appendix A.
Although both models are the same when considering only the gauge group SU(2)×U(1)1×U(1)2,
they will give rise to different models when combining them with an SU(3)-top, as we will discuss
below in section 5.
SU(2)-III Top
The last A1-top is the SU(2)-III top with matter content
matter U(1)− charges
2III1 (1, 0)
2III2 (1, 1)
2III3 (0, 1)
(3.17)
In this top, in addition to the three fundamental matter curves and a notorious type III en-
hancement locus with no additional matter, one finds a change of fibre type to non-split I3 type over
yet another curve. As explained in appendix B, the non-split fibre type can either be seen from the
Weierstrass data or be explicitly confirmed by analysing the monodromies along the curve in question.
As a result of the monodromy, this locus does not carry massless matter.
The geometrically realised Yukawa couplings
2III1 − 2III2 − 1(6), 2III1 − 2III3 − 1(4), 2III1 − 2III3 − 1(1),
2III2 − 2III3 − 1(3), 2III2 − 2III3 − 1(2), 2III3 − 2III3 − 1(5)
(3.18)
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exhaust again all gauge invariant combinations.
This top is inequivalent to the first two tops. Under the transformation U(1)′1 ≡ −U(1)1, U(1)′2 ≡
U(1)2 − U(1)1 analogous to (3.16) (with the same identification of the singlets), the spectrum and
Yukawa structure of the SU(2)-III top is mapped to itself as 2III1 ↔ 2III2 and 1(1) ↔ 1(3),1(2) ↔ 1(4).
4 Toric Fibrations with Additional SU(3) Symmetry
The construction of SU(3) gauge symmetry via tops is analogous to the SU(2) cases. The resolution
of the A2-singularity over a divisor W3 : w3 = 0 in the base introduces three toric divisors F0, F1, F2
given by the vanishing locus of the coordinates f0, f1, f2. Each Fi is a P1-fibration over W3, and
pi−1W3 = F0F1F2. Over a generic point on W3 the intersection structure of the P1-fibres reproduces
the affine SU(3) diagram. We choose the root assignment F1 ↔ −α1, F2 ↔ −α2, F0 ↔ α1 + α2.
There exist three SU(3) tops, which we will now present in detail.
4.1 SU(3)-A Top
The first top corresponds to the following restriction of the hypersurface coefficients,
b0 = b0,1 f0, b2 = b2,0 f1 f2, c1 = c1,0 f2, c2 = c2,1 f0 f2,
d0 = d0,1 f0 f1, d1 = d1,0 f1, d2 = d2,1 f0 f
2
1 ,
(4.1)
where only b1 remains unchanged. Out of the four different triangulations we choose the one whose
SR-ideal is generated by
u v,u w,w s0, v s1, s0 s1, f0 w, f0 s1, f1 s0, f1 v, f2 s0, f2 s1, f2 u. (4.2)
The coordinates and their corresponding divisor classes are summarised in the following table:
u v w s0 s1 f1 f2 f0
U 1 1 1 · · · · ·
S0 · · 1 1 · · · ·
S1 · 1 · · 1 · · ·
F1 · 1 · · · 1 · −1
F2 · · −1 · · · 1 −1
(4.3)
The U(1) generators (2.5) need to be corrected such that the roots of SU(3) have zero U(1) charge.
The generators with this property take the form
ωA1 = S1 − S0 −K +
2
3
F1 +
1
3
F2,
ωA2 = U − S0 −K − [c1,0] +
2
3
F1 +
1
3
F2.
(4.4)
The charges (2.12) of the singlets are not affected as they are not charged under the roots of SU(3).
Matter curves
The matter curves are found by analysing the discriminant of the associated Weierstrass model
∆ ' w3
(
b0,1 c1,0 (b0,1 c1,0 − b1 c2,1) (b1 b2,0 − c1,0 d1,0) (b0,1 d21,0 − b1 d0,1 d1,0 + b21 d2,1) b31 +O(w3)
)
.
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As can be read off from the Weierstrass sections f and g, the fibre along the five curves associated
with the first five factors in the bracket is of split Kodaira type I4. The fibre components intersect as
in the affine SU(4) diagram, corresponding to SU(3) matter in the fundamental representation (plus
conjugate). Their U(1) charges together with the geometric data can be found in table 4.1.
matter locus = W3 ∩ . . . splitting of fibre U(1)− highest weight states of...components charges
3A1 {b0,1} P11 → P11w + P11A (23 ,−13) 3 : P11w + P10 + P12, 3 : P11A + P10
3A2 {c1,0} P10 → P10u + P10A (−13 ,−43) 3 : P10u, 3 : P10A
3A3 {b0,1 c1,0 − b1 c2,1} P11 → P11B + P11C (−13 , 23) 3 : P11C + P10 + P12, 3 : P11B + P10
3A4 {b1 b2,0 − c1,0 d1,0} P10 → P10B + P10C (23 , 23) 3 : P10B, 3 : P10C
3A5
{b0,1 d21,0 − b1 d0,1 d1,0 P12 → P12A + P12B (−13 ,−13) 3 : P12A + P10, 3 : P12B + P10 + P11
+b21 d2,1}
Table 4.1: Matter states in the SU(3)-A top.
The splitting process over the first four curves can be straightforwardly verified. For the fifth
curve, we proceed as for the SU(2) tops und use expressions with square roots to split the curve into
two parts; because d2,1 6= 0 for all the Yukawa points below, we factorise the quadratic term such that
we can solve for b1 (analogously to e.g. (3.10), where c1,0 played the role of b1 here). Inserting the
resulting expressions (one for each of the two parts of the curve) for b1 into the hypersurface equation,
we find that P12 splits into two components on both parts of the curve; similarly to the SU(2)-tops,
there is no monodromy interchanging the components when passing from one part of the curve to the
other and back.
In addition, over the curve {w3} ∩ {b1} the Weierstrass data (f, g,∆) vanish to orders (2, 2, 4).
This indicates a Kodaira type IV fibre in which no extra P1 splits off, but rather the three fibre
components intersect in a single point, as can be checked explicitly. Over this curve, no extra matter
representation arises.
Yukawa Points
The SU(3) matter and the singlet curves intersect at certain codimension-three loci in the base to form
gauge invariant Yukawa couplings 3− 3− 1/1. In this case the fibre is enhanced to the affine SU(5)-
diagram, and the realised couplings are in 1-to-1 correspondence with the gauge theoretic selection
rules. In addition one can also form gauge invariant couplings of the type 3−3−3. As it turns out all
such gauge invariant couplings are indeed realised geometrically, and the fibre structure is the affine
SO(8)-diagram, cf. table 4.2.
There, in the last column, the subscripts should help to visualise P1s’ splitting process. E.g. if
we approach the second Yukawa point along the 3A1 -curve, then we find that P11w remains a single
component and P11A splits into two, P11AB and P11AC ; P11AB is the component P11B from the 3A3 -curve
that does not split over the Yukawa point, while P11C splits into two components, of which one is
identified with P11AC and the other one coincides with P11w, hence the notation P11wC .
Over the last three Yukawa points with the coupling type 3−3−3, two of the three divisors F0,1,2
each split off the same P1-component, which therefore is a multiplicity 2 component; this corresponds
to the central node of the affine SO(8)-diagram with dual Coxeter label 2.
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coupling locus = W3 ∩ . . . splitting of fibre components
3A1 − 3A2 − 1(4) {b0,1} ∩ {c1,0} P10 → P10u + P10A, P11 → P11w + P11A
3A1 − 3A3 − 1(1) {b0,1} ∩ {c2,1} P11 → P11wC + P11AB+ P11AC
3A1 − 3A4 − 1(6) {b0,1} ∩ {b1 b2,0 − c1,0 d1,0} P10 → P10B + P10C , P11 → P11w + P11A
3A1 − 3A5 − 1(2) {b0,1} ∩ {b1 d2,1 − d0,1 d1,0} P11 → P11w + P11D, P12 → P12A + P12B
3A2 − 3A3 − 1(5) {c1,0} ∩ {c2,0} P10 → P10u + P10A, P11 → P11B + P11C
3A2 − 3A4 − 1(3) {c1,0} ∩ {b2,0} P10 → P10uA+ P10AB + P10AC
3A2 − 3A5 − 1(6) {c1,0} ∩
(
3A5 -locus
)
P10 → P10u + P10A, P12 → P12A + P12B
3A3 − 3A4 − 1(2)
(
3A3
) ∩ (3A4 ) \ ({c1,0} ∩ {b1}) P10 → P10B + P10C , P11 → P11B + P11C
3A3 − 3A5 − 1(6)
(
3A3
) ∩ (3A5 )\({b0,1} ∩ {b1}) P11 → P11B + P11C , P12 → P12A + P12B
3A4 − 3A5 − 1(4)
(
3A4
) ∩ (3A5 )\({d1,0} ∩ {b1}) P10 → P10B + P10C , P12 → P12A + P12B
3A1 − 3A3 − 3A5 {b0,1} ∩ {b1} P11 → P11wB + P11AB′ + P1AC′ , P12 → P12A + P12B,
P1AB′ = P
1
2A
3A2 − 3A3 − 3A4 {c1,0} ∩ {b1} P10 → P10uC + P10AB′ + P10AC′ , P11 → P11B + P11C ,
P10AC = P11C
3A4 − 3A5 − 3A5 {d1,0} ∩ {b1} P10 → P10B + P10C , P12 → P12A + P12B0 + P12B′ ,
P10B = P12B0
Table 4.2: Yukawa couplings in the SU(3)-A top.
4.2 SU(3)-B and -C Top
Let us briefly list the main results from the analysis of the remaining two SU(3) tops, with more
details relegated to appendix C.
SU(3)-B Top
The SU(3)-B top gives rise to five 3-matter curves with the following U(1) charges:
matter U(1)− charges matter U(1)− charges
3B1 (−23 ,−43) 3B4 (13 , 23)
3B2 (−23 , 23) 3B5 (13 ,−13)
3B3 (−23 ,−13)
(4.5)
These enjoy a rich spectrum of geometrically realised Yukawa couplings with the singlets,
3B1 − 3B2 − 1(5), 3B1 − 3B3 − 1(6), 3B1 − 3B4 − 1(3), 3B1 − 3B5 − 1(4),
3B2 − 3B3 − 1(6), 3B2 − 3B4 − 1(2), 3B2 − 3B5 − 1(1), 3B3 − 3B4 − 1(4),
3B3 − 3B5 − 1(2), 3B4 − 3B5 − 1(6)
(4.6)
and among one another,
3B3 − 3B4 − 3B5 , 3B1 − 3B4 − 3B4 , 3B2 − 3B5 − 3B5 , (4.7)
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which is in 1-to-1 correspondence with the gauge theoretic selection rules.
Under the transformation U(1)′1 ≡ −U(1)1, U(1)′2 ≡ U(1)2 − U(1)1, the spectrum and Yukawa
couplings remains invariant with the identification 3B1 ↔ 3B2 , 3B4 ↔ 3B5 and 1(1) ↔ 1(3), 1(2) ↔ 1(4).
SU(3)-C Top
The third top SU(3)-C gives rise to SU(3)-charged states with the following U(1) charges:
matter U(1)− charges matter U(1)− charges
3C1 (−23 ,−1) 3C4 (−23 , 0)
3C2 (
1
3 ,−1) 3C5 (13 , 0)
3C3 (
1
3 , 1)
(4.8)
The couplings
3C1 − 3C2 − 1(2), 3C1 − 3C3 − 1(3), 3C1 − 3C4 − 1(6), 3C1 − 3C5 − 1(4),
3C2 − 3C3 − 1(5), 3C2 − 3C4 − 1(1), 3C2 − 3C5 − 1(6), 3C3 − 3C4 − 1(4),
3C3 − 3C5 − 1(6), 3C4 − 3C5 − 1(2)
(4.9)
and
3C1 − 3C3 − 3C5 , 3C2 − 3C3 − 3C4 , 3C4 − 3C5 − 3C5 (4.10)
are in agreement with gauge theoretic expectations.
Similar to the situation with the SU(2) tops, the SU(3)-C top is in fact equivalent to the SU(3)-A
top (cf. appendix A). Analogous to the U(1) charges identification (3.16), we find with
U(1)C1 = −U(1)A1 ,
U(1)C2 = U(1)
A
2 − U(1)A1
(4.11)
that the spectrum agrees by identifying the states 3Ai ↔ 3Ci , i = 1, ..., 5 and 1(1) ↔ 1(3),1(2) ↔ 1(4).
Again one needs both the SU(3)-A and -C top to construct all inequivalent toric SU(3) × SU(2) ×
U(1)1 × U(1)2 models.
5 Toric SU(3)× SU(2)× U(1)1 × U(1)2 Realisations
We are now ready to construct F-theory compactifications with gauge group SU(3)×SU(2), together
with two abelian factors. To this end we start with our elliptic fibration realised as the hypersur-
face (2.1) within a Bl2P2-fibration over B and realise an SU(2) and an SU(3) singularity over two
independent base divisors W2 and W3, respectively. We focus here on the torically realisable singular-
ities and their resolutions enforced by the tops described in the previous sections. The base sections
gm ∈ {bi, cj , dk} in (2.1) must now be of the form
gm = gm;k,l w
k
2 w
l
3 (5.1)
with {wn = 0} = Wn and gm;k,l generic sections in the class [gm]− k[w2]− l[w3]. The powers k and l
depend on which of the three SU(2) and SU(3) tops are combined. However, as we will discuss shortly,
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only 5 of the 3× 3 = 9 possible tops leading to the gauge group SU(3)× SU(2)× U(1)1 × U(1)2 are
inequivalent.
The discriminant of the fibration takes the form
∆ = w22 w
3
3 (P +O(w2) +O(w3)) (5.2)
with P a section of the base that does not vanish identically along W2 and W3. For generic choice of w2
and w3, the fibration over w2 and w3 then looks like the three individual SU(2) and SU(3) fibrations
with vanishing orders k and l over w2 and w3, respectively, but with an additional enhancement over
the intersection curve {w2} ∩ {w3} of the two non-abelian loci. Here, the generic choice of w2 and
w3 in particular means that this intersection locus is assumed not to coincide with any of the matter
curves of the individual tops.
In a toric construction, this means that the toric diagram for the complete five-dimensional ambient
space consists of two tops over the polygon for the fibre ambient space. The two tops extend in two
mutually orthogonal directions of a five-dimensional lattice. If one projects onto the three-dimensional
lattice spanned by the polygon-plane and one of the two directions, one either finds an SU(2) or an
SU(3) top, each introducing resolution divisors E0/1 = {e0/1 = 0} and F0/1/2 = {f0/1/2 = 0}. If
the toric diagram is reflexive (which has to be checked for each base manifold), then toric geometry
guarantees the smoothness of the fourfold Yˆ4 that is cut out by the hypersurface equation inside the
five-dimensional ambient space. A triangulation of the full polytope will in particular give rise to a
triangulation of the SU(2) and SU(3) sub-top, so the corresponding full SR-ideal will – as sub-ideals
– contain an SR-ideal of each the SU(2) and the SU(3) sub-model; in addition, there will be further
generators that involve both ei and fj . To use the results of sections 3 and 4, we choose a triangulation
of the full polytope that leads to an SR-ideal which as sub-ideals contains the SR-ideals we used when
studying the corresponding SU(2) and SU(3) tops individually.
Because the Ei and Fj are fibred over different divisors of the base, intersections of the form∫
Yˆ4
Ei ∧ Fj ∧ pi−1Da ∧ pi−1Db , (5.3)
with Da/b generic divisors of base, will yield zero. This just means that the roots of SU(2) are
uncharged under SU(3) and vice versa – as one would expect from a product structure SU(3)×SU(2)
of the gauge group. Because the enhancement loci over W2 away from W3 are of the same form as in a
model with only the SU(2) singularity over W2 (and similarly for the SU(3) singularity over W3 away
from W2), one will also find the same spectrum of matter charged only under SU(2) or SU(3). In
addition one will find matter charged both under SU(2) and SU(3) at the enhancement loci W2∩W3.
As it turns out, this matter transforms in the bifundamental representation (3,2).
The U(1) generators are now subject to the condition that the SU(2) and SU(3) roots are un-
charged under them. However, since the SU(2) and SU(3) roots are mutually uncharged, this condition
is met by setting
ω
SU(2)×SU(3)
i = ωi + Σj tj Ej + Σj t˜j Fj , (5.4)
where ωi are the generators of the form (2.5) and the correction terms tj and t˜j are the same as for
the individual Shioda maps for the SU(2) and SU(3) tops.
Due to the equivalences amongst the SU(2) and SU(3) tops described in the previous sections, some
of the combined SU(3)×SU(2)×U(1)1×U(1)2 models are also equivalent. In fact those models whose
spectrum and Yukawa couplings can be mapped onto each other with the U(1) transformation U(1)′1 =
−U(1)1, U(1)′2 = U(1)2 − U(1)1 are equivalent. One finds four inequivalent pairs of SU(2) × SU(3)
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top combinations, I×A ' II×C, I×B ' II×B, I×C ' II×A, III×A ' III×C, and the invariant
model III× B. A more detailed explanation based on the tops can be found in appendix A.
To summarise, in order to construct toric F-theory models with SU(3) × SU(2) × U(1)1 × U(1)2
gauge symmetry we take an SU(2) and an SU(3) top of the form studied in the sections 3 and 4 and
combine them into one new top. Some of the tops obtained in this way are equivalent. The previous
sections directly give us the spectrum of 2- and 3-matter including their Yukawa couplings. What we
need to compute is the bifundamental matter (3,2) as well as all the Yukawa couplings it is involved
in.
The result of this analysis is shown in table 5.1 for all five mutually inequivalent combinations of
tops. In all cases the geometrically realised Yukawa couplings are in 1-to-1 correspondence with the
set of gauge theoretically allowed couplings including the U(1)i selection rules.
top-combination (U(1)1, U(1)2)− additional gauge invariant Yukawas,
SU(2)× SU(3) charge of (3,2) (3,2)− . . .
I×A (16 ,−13) 3
A
1 − 2I3, 3A2 − 2I2, 3A3 − 2I1, 3A4 − 2I2, 3A5 − 2I3;
(3,2)− 3A3
I× B (−16 ,−13) 3
B
1 − 2I2, 3B2 − 2I1, 3B3 − 2I3, 3B4 − 2I2, 3B5 − 2I3;
(3,2)− 3B4
I× C (−16 , 0) 3
C
1 − 2I2, 3C2 − 2I1, 3C3 − 2I2, 3C4 − 2I3, 3C5 − 2I3;
(3,2)− 3C5
III×A (−13 ,−13) 3
A
1 − 2III1 , 3A2 − 2III3 , 3A3 − 2III3 , 3A4 − 2III2 ;
(3,2)− 3A4
III× B (−23 ,−13) 3
B
1 − 2III3 , 3B2 − 2III3 , 3B4 − 2III2 , 3B5 − 2III1 ;
(3,2)− 3B non-existent
Table 5.1: U(1) charges of the bifundamental matter and additional Yukawa couplings involving at
least one (3,2), as arising in the five inequivalent combinations of the SU(2) and SU(3) tops studied
in the previous chapters.
We explain the first example in a bit more detail. Combining the SU(2)-I and the SU(3)-A top
amounts to restricting the sections appearing in (2.1) as
b0 = b0;1,1 e0 f0, b2 = b2;0,0 e1 f1 f2, c1 = c1;0,0 e1 f2, c2 = c2;0,1 f0 f2,
d0 = d0;1,1 e0 f0 f1, d1 = d1;0,0 f1, d2 = d2;1,1 e0 f0 f
2
1 .
(5.5)
In table 5.2 we list the divisor classes and the corresponding scaling relations among the fibre coordin-
ates. The last part shows the lattice vectors of the top that describes the ambient space. The vectors
x and y should be linearly independent, but otherwise unspecified for a generic base B. For this top
there exist 16 different triangulations. We choose a triangulation for which the SR-ideal is the union
of the individual ideals (3.5) and (4.2) together with the element {f0 e1}, i.e. it is generated by
u v,u w,w s0, v s1, s0 s1, e0 w, e1 s0, e1 u, f0 w, f0 s1, f1 s0, f1 v, f2 s0, f2 s1, f2 u, f0 e1. (5.6)
Irrespective of the chosen triangulation, one recovers from the discriminant the 2- and 3-matter
curves of the two individual tops, (3.1) and (4.1), where of course the base sections gm,k defining the
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u v w s0 s1 e0 e1 f0 f1 f2
[W2] · · · · · 1 · · · ·
[W3] · · · · · · · 1 · ·
α · · 1 · · · · · · ·
β · 1 · · · · · · · ·
U 1 1 1 · · · · · · ·
S0 · · 1 1 · · · · · ·
S1 · 1 · · 1 · · · · ·
E1 · · −1 · · −1 1 · · ·
F1 · 1 · · · · · −1 1 ·
F2 · · −1 · · · · −1 · 1
toric data
−1 0 1 −1 0 0 1 0 0 1
1 −1 0 0 1 0 0 0 1 0
0 0 0 0 0 x x y y y
Table 5.2: Divisor classes and coordinates of the ambient space for top-combination I×A.
matter curves are modified in agreement with (5.5).8 For example, the representation 2I1 is located
at the intersection {w2} ∩ {c2;0,1} (because in the blow-down the locus {w2} ∩ {c2} appearing in (3.1)
splits into {w2} ∩ {c2;0,1} and {w2} ∩ {w3}, but the latter contributes to matter charged under both
SU(2) and SU(3)), and the curve hosting 3A3 is now given by {w3} ∩ {b0;1,1w2 c1;0,0 − b1 c2;0,1}.
What is new is that along the curve {w2} ∩ {w3} the Kodaira type of the fibre enhances to split
type I5, corresponding to vanishing orders (0, 0, 5) of (f, g,∆) in the Weierstrass model. Indeed, the
fibre components straightforwardly split to form the affine Dynkin diagram of SU(5); more precisely
the five fibre components are given by
P100 ≡ PT |{e0}∩{f0} = b2;0,0 f1 f2 u + d1;0,0 f1 s0 u2 + c1;0,0 f2v + b1 s0 u v,
P101 ≡ PT |{e0}∩{f1} = c2;0,1 f0 f2 + c1;0,0 e1 f2 s1 + b1 s1 u,
P102 ≡ PT |{e0}∩{f2} = d1;0,0 f1 + b1 v,
P111 ≡ PT |{e1}∩{f1} = b0;1,1 e0 + c2;0,1 f2 w + b1 s1 w,
P112 ≡ PT |{e1}∩{f2} = d2;1,1 e0 f21 + d0;1,1 e0 f1 v + b0;1,1 e0 v2 + d1;0,0 f1 w + b1 v w,
(5.7)
where we used the SR-ideal to set as many coordinates to one as possible. Note that e1 and f0 do not
intersect due to the SR-ideal relations so that the locus PT |{e1}∩{f0} is absent in (5.7).
The fibre component P100 + P102 is identified with the highest weight of the bifundamental repres-
entation (3,2); the U(1)1 and U(1)2 charges are found to be (
1
6 ,−13) by computing the intersection
product with the generators
ωI×A1 = S1 − S0 −K +
1
2
E1 +
2
3
F1 +
1
3
F2,
ωI×A2 = U − S0 −K − [c1;0,0] +
2
3
F1 +
1
3
F2.
(5.8)
Finally, we have analysed the intersection of {w2}∩{w3} with each of the 3- and 2-curves to identify
extra fibre enhancements signalling Yukawa couplings involving the new (3,2)-state. The fibres over
the Yukawa points (3,2)− 3¯−2/2¯ are of split Kodaira type I6, and the fibre components can be expli-
citly
8In addition, the same type III and IV enhancement loci arise as before, which do not carry matter representations.
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2
1 1
Figure 1: Non-
standard fibre struc-
ture at the (3,2) −
(3,2) − 3 Yukawa
point.
checked to form the affine Dynkin diagram of SU(6). The base points are
found by intersecting W3 and W2 with the five 3-curves and noting that the
intersection points also lie on top of one of the 2-curves.
A special role is played by the intersection locus {w3} ∩ {w2} ∩
{b0;1,1w2 c1;0,0 − b1 c2;0,1}, where the last term is the 3A3 -curve. Apart from
the intersection {w3}∩{w2}∩{c2;0,1}, where the (3,2)−3A3 −2I1 Yukawa coup-
ling is localised, there is also the intersection {w3}∩{w2}∩{b1}, which does not
lie on any of the 2-curves. The fibre components almost form an affine Dynkin
diagram of SO(8) (including the multiplicity 2 for the interior node) except for
an additional intersection point between two of four the exterior nodes which
makes this fibre non-standard (cf. figure 1). The associated Yukawa coupling is
(3,2)− (3,2)− 3A3 .
We have checked the above calculations for a specific fibration over the base
B = P3 with H1,1(P3) = {n ·H|n ∈ Z}, where H is the hyperplane class, and KB = 4H. For simplicity
we take w2 and w3 to be two of the four homogeneous coordinates (z0 : z1 : z2 : z3), e.g. w2 = z0 and
w3 = z1; then W2 = W3 = H. Recall that bi, cj , dk must transform as sections of specific line bundles,
see table 2.1, where there is freedom left in choosing α and β. They are subject to further constraints
as the restricted sections (5.5) in the presence of the non-abelian symmetry must be effective classes.
Over B = P3, these constraints are met with α = 2H, β = H, implying the classes of the restricted
sections to be
[b0;1,1] = 3H, [b1] = 4H, [b2;0,0] = 3H, [c1;0,0] = 2H,
[c2;0,1] = 2H, [d0;1,1] = 4H, [d1;0,0] = 5H, [d2;1,1] = 5H .
(5.9)
From the choice of α and β we have to impose the condition 2~w + ~v + ~e0 + ~f0 + ~z2 + ~z3 = 0, where
~(·) is the (·)-coordinate’s lattice vector of the toric diagram of the full fibration (‘toric data’ in table
5.2). This condition is met by the toric ambient space Xˆ5, whose toric diagram has the lattice vectors
shown in table 5.4. The resulting polytope is reflexive, guaranteeing that the fourfold cut out by
the hypersurface equation inside this toric ambient space is smooth. The Euler characteristic of the
fourfold is 1440.
The above analysis can be repeated for the remaining four inequivalent combinations of tops and
leads to the couplings listed in (5.1). Note that for the top combinations III×A and III×B no gauge
coupling locus = W2 ∩W3 ∩ . . . fibre type
(3,2)− 3A1 − 2I3 {b0;1,1} I6
(3,2)− 3A2 − 2I2 {c1;0,0} I6
(3,2)− 3A3 − 2I1 {c2;0,1} I6
(3,2)− 3A4 − 2I2 {b1 b2;0,0 − c1;0,0 d1;0,0} I6
(3,2)− 3A5 − 2I3 {b0;1,1, d21;0,0 − b1 d0;1,1 d1;0,0 + b21 d2;1,1} I6
(3,2)− (3,2)− 3A3 {b1} non− standard
Table 5.3: Details on the additional Yukawas involving bifundamental matter in the top combination
I×A.
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~u ~v ~w ~s0 ~s1 ~e0 ~f0 ~z2 ~z3 ~e1 ~f1 ~f2
−1 0 1 −1 0 0 0 −2 0 1 0 1
1 −1 0 0 1 0 0 1 0 0 1 0
0 0 0 0 0 1 0 0 −1 1 0 0
0 0 0 0 0 0 1 0 −1 0 1 1
0 0 0 0 0 0 0 1 −1 0 0 0
Table 5.4: Toric diagram for the ambiente space Xˆ5 of the model I×A over the base B = P3.
invariant coupling (3,2)− 3A5 − 2 resp. (3,2)− 3B3 − 2 exists. In both cases, the intersection point of
the (3,2)- and the corresponding 3-curve lies on the curve of non-split I3-enhancement described after
(B.16) in appendix B. Were it not for a monodromy along that curve, an additional 2-representation
would arise, which in fact would have the correct quantum numbers to couple as in (3,2)−3A5 −2 (or
(3,2)−3B3 −2). Correspondingly, the fibre over the triple intersection of these curves does enhance to
form an I6 Kodaira fibre, but due to the described monodromy no physical Yukawa couplings result
as the 2-state in question is projected out.
More drastically, the top combination III × B exhibits a non-Kodaira enhancement in the fibre
over {w3} ∩ {w2} ∩ {b1}.9 At this set of points, several matter curves coincide and the vanishing
orders of (f, g,∆) in the Weierstrass model take the values (4, 6, 12). For such high enhancement no
flat crepant resolution can be found. To see how this manifest itself, consider the triangulation of
the III× B top leading to an SR-ideal generated by (B.9) (for the SU(2) part), (C.2) (for the SU(3)
part) and the new elements {s1 e0 f1, e1 f0 f2}: For this SR-ideal the fibration becomes non-flat over
{w3} ∩ {w2} ∩ {b1} as the hypersurface equation PT becomes trivial for b1 = e0 = f1 = 0. Therefore,
in order for the top combination III × B to give rise to a well-defined F-theory compactification, the
point set {w3}∩{w2}∩{b1} must be empty. Since b1 is universally in the class K, these points cannot
be turned off by a suitable choice of classes α and β appearing in table (2.1). While it is not excluded
that W2 and W3 can be found such that no intersection points {w3}∩{w2}∩{b1} arise, we do currently
not have an example of this type.
6 Standard Model Embeddings
6.1 Criteria for Standard Model Embeddings
The toric fibrations with gauge group SU(3)×SU(2)×U(1)1×U(1)2 constructed in the previous section
are the starting point of our search for F-theory vacua with Standard Model gauge group and matter.
Our discussion will be phrased in the framework of the N = 1 Minimal Supersymmetric Standard
Model (MSSM), potentially extended by further singlets, with the understanding that supersymmetry
is broken at an priori unknown energy below the compactification scale in agreement with current lower
collider bounds. To fix our conventions we recall the MSSM spectrum plus right-handed neutrinos νcR
(taking all fields to be chiral N = 1 superfields) in table 6.1. We also allow for a generation of the
µ-term in the Higgs sector via the VEV of an MSSM singlet 1µ, as studied extensively in the literature
in the framework of the NMSSM (see e.g. [94] and references therein).10
9In the other four top combinations this point corresponds to the (3,2)− (3,2)− 3 coupling. For III× B, however,
there is no suitable 3 state.
10A detailed and systematic analysis of such singlet extensions of the MSSM in perturbative Type II intersecting brane
quivers has been performed in [95].
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matter representation hypercharge
left-handed quarks Q (3,2) 16
right-handed up-quarks ucR (3,1) ≡ 3u −23
right-handed down-quarks dcR (3,1) ≡ 3d 13
Higgs-up Hu (1,2) ≡ 2u 12
Higgs-down Hd (1,2) ≡ 2d −12
left-handed leptons L (1,2) ≡ 2L −12
right-handed electrons ecR (1,1) ≡ 1e 1
right-handed neutrinos νcR (1,1) ≡ 1ν 0
µ-singlet (1,1) ≡ 1µ 0
Table 6.1: Matter spectrum of the MSSM.
At the level of renormalisable couplings, the superpotential of the singlet-extended MSSM takes
the form
W = W1 +W2 +Wsinglet, (6.1)
W1 = YuQHu u
c
R + YdQHd d
c
R + Ye LHd e
c
R + Yν LHu ν
c
R + µHuHd, (6.2)
W2 = αQLd
c
R + β u
c
R d
c
R d
c
R + γ LL e
c
R + κLHu, (6.3)
Wsinglet = δ3,0 1µ 1µ 1µ + δ2,1 1µ 1µ ν
c
R + δ1,2 1µ ν
c
R ν
c
R + δ0,3 ν
c
R ν
c
R ν
c
R, (6.4)
where we are suppressing family indices. Here, W1 contains the Yukawa couplings that give rise
to the masses for the up-quarks, down-quarks and the charged leptons as well as potential Dirac
masses for the right-handed neutrinos. We also include here the µ-term for the Higgs sector, with
the understanding that this term might originate from a Yukawa coupling Yµ 1µHuHd if the scalar
in the superfield 1µ acquires a non-trivial VEV. For completeness we have furthermore listed possible
dimension-four singlet couplings Wsinglet. If 〈1µ〉 6= 0 the third term in Wsinglet effectively contributes
to the Majorana mass term for the right-handed neutrinos, while the first term would induce an F-
term in the vacuum and is therefore of interest in the context of supersymmetry breaking. We have
not listed potential tadpole and holomorphic mass terms involving the singlets, which are also allowed
by the MSSM gauge group.
The couplings in W2 each violate R-parity (−1)2S+3(B−L) with S the spin and B, L baryon and
lepton number. The second term does in addition not conserve baryon number, while the remaining
terms are lepton-number violating. In particular, some combinations of terms within W2 lead to rapid
proton decay and are therefore severely constrained [96, 97]. Proton decay due to dimension-four op-
erators requires both baryon and lepton-number violating contributions. The most severe constraints
arise from tree-level induced proton decay, which is generated only if both α and β are non-zero simul-
taneously. However, the precise bounds on the couplings depend, amongst other things, on the scale of
supersymmetry breaking. In models with intermediate or high-scale supersymmetry breaking some of
the constraints on W2 are considerably relaxed compared to TeV-scale supersymmetric scenarios. For
more details of the extremely rich phenomenology of R-partiy violating couplings we refer in addition
to [96–98] and references therein.
At mass dimension five, the MSSM allows for the following baryon or lepton number violating
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operators [98],
W3 = λ1QQQL+ λ2 u
c
R u
c
R d
c
R e
c
R + λ3QQQHd + λ4Qu
c
R e
c
RHd
+ λ5 LLHuHu + λ6 LHdHuHu,
(6.5)
K ⊃ λ7 ucR (dcR)∗ ecR + λ8H∗uHd ecR + λ9QucR L∗ + λ10QQ (dcR)∗. (6.6)
Additional dimension-five terms are possible which involve the singlets νcR and 1µ. In particular, any
of the dimension-four operators present in (6.1) can in principle be dressed with such a singlet. We
do not list these couplings explicitly here.
Our attitude towards lepton and baryon number violating couplings is as follows: In order to fully
explore the parameter space of possible Standard Models within our framework we do not insist on TeV
scale supersymmetry a priori, but rather allow for the possibility of intermediate scale supersymmetry
breaking. While the viability of such a scenario will ultimately be determined experimentally, a higher
supersymmetry breaking scale is in fact a natural option in direct Standard Model constructions.
After all, the exact unification of the gauge couplings at a scale around 1016 GeV, which is one of
the predictions of the TeV scale MSSM, is not immediate if the gauge groups SU(3), SU(2) and
U(1)Y are constructed independently. More importantly perhaps, intermediate scale supersymmetry
is well-motivated by a 126 GeV Higgs as studied in string theoretic frameworks recently in [99–103]
(see also [104–107] and references therein for other recent examples in the literature motivating an
intermediate supersymmetry breaking scale). Keeping an open mind towards the supersymmetry
breaking scale, we do therefore not require absence of all dimension-four and -five lepton and baryon
number violating couplings in our search criterion for Standard Model configurations, but will only
list which of these couplings are present. A more detailed study of the associated phenomenology,
taking into account the details of supersymmetry breaking, is left for future explorations. Having said
that, in many cases the U(1) selection rules do prevent potentially dangerous such operators as we
will see explicitly.
For each of the five combinations of tops with gauge group SU(3) × SU(2) × U(1)1 × U(1)2 a
plethora of possibilities arises for identifying the massless representations with the MSSM fields. This
identification will in particular determine which linear combination of U(1)1 and U(1)2 corresponds to
hypercharge U(1)Y . The orthogonal combination is then massless in absence of gauge fluxes and will
remain as a perturbative selection rule after gauge fluxes induce a Stu¨ckelberg mass for the associated
gauge potential. At the same time it must be ensured that the gauge fluxes do not render hypercharge
massive, see section 7. In the sequel we classify the possible identifications along the following lines:
• Since the fibrations under consideration contain only one type of (3,2)-curve, all three genera-
tions of left-handed quark fields Q must reside on this single (3,2)-curve. The U(1)1 × U(1)2
charges of Q for the five possible tops are listed in table 5.1.
• In a second step we identify the fields (Hu, Hd) with two of the 2i-representations or their
conjugate representations 2i, i = 1, 2, 3. A definite assignment of (Hu, Hd) together with the
U(1) charges of Q determines U(1)Y as a linear combination
U(1)Y = aU(1)1 + b U(1)2, a, b ∈ R. (6.7)
We then identify the different possible choices of 2i- or 2i-states for the left-handed leptons L
based on their hypercharge. The same value of (a, b) and identification of (Hu, Hd) may be
compatible with more than one choice for L. In this case, different generations of leptons L may
reside on different matter curves and will then be distinguished by their charge under the linear
combination of U(1)1 and U(1)2 orthogonal to U(1)Y .
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• For the specific values of (a, b) in (6.7) we next check which of the six singlets 1(k), k = 1, . . . , 6
(and their conjugates) have the correct hypercharge to be identified with the fields νcR and e
c
R,
and similarly which of the 3j-representations for j = 1, . . . , 5 have the correct hypercharge to
be identified with ucR and d
c
R. If there is no possible assignment of e
c
R, u
c
R or d
c
R we discard this
choice of hypercharge. However, to be as general as possible, we do allow for configurations with
no right-handed neutrinos νcR.
• There are now two types of right-handed leptons and quarks: If the Yukawa couplings W1 in (6.1)
are indeed among the geometrically realised couplings as analysed in the previous sections, the
fields acquire a perturbative mass term upon electro-weak symmetry breaking. Those generations
of MSSM matter for which this is the case will therefore be called ‘heavy’.11 Otherwise, the
Yukawas, which are now forbidden by the extra U(1) selection rules, must be generated either by
non-perturbative effects [28–32], here by M5-brane instantons12, or via higher non-renormalisable
couplings involving one or more extra singlet states as these acquire a VEV. In both cases the
mass terms will generically be suppressed and the corresponding fields will be called ‘light’. Again
it is understood that different generations can be distributed over the various matter curves. In
particular, if only one of the generations enjoys a perturbative coupling, this could serve as
a realisation of the observed mass hierarchies in the MSSM.13 Note that while the generation
of masses for the ‘light’ generations by M5-instantons depends on the specific geometry of the
base B, the mechanism involving singlet fields could be analysed already at this general level
by checking for the existence of singlets with appropriate U(1)i-charges to form a dimension-5
coupling of the required type. We leave such a more advanced analysis for further studies.
• The U(1)Y charges together with the spectrum of perturbative couplings also provide candidates
for µ-singlets 1µ with a Yukawa coupling 1µHuHd, which we list. As anticipated, if 〈1µ〉 6= 0 this
will induce a µ-term in the Higgs sector. In absence of such a VEV the µ-term can in principle
be generated via M5-instantons. Note that sometimes the same type of singlets can also have
several interpretations. We furthermore list which other couplings in Wsinglet are allowed. Since
there is only one type of 1µ, the term 1
3
µ term is always forbidden perturbatively, but for ν
c
R
a cubic coupling for the neutrino involving families distributed over different curves can exist.
Note that tadpole terms in the superpotential, linear in the singlets, can only be generated non-
perturbatively. Holomorphic quadratic terms involving either different families of νcR or one ν
c
R
and 1µ are allowed by gauge invariance for vector-like pairs of such fields, even though we do not
list this explicitly. Determining their presence amounts to computing the vector-like spectrum of
massless states. Otherwise quadratic singlet terms, especially Majorana mass terms for νcR, are
only generated non-perturbatively [28, 29] or as effective couplings from the cubic interactions
with 〈1µ〉 6= 0.
• Based on the various assignments of fields we list the perturbative R-parity violating dimension-
four couplings W2 in (6.1) which are allowed in view of the structure of geometrically realised
Yukawa couplings. More precisely, we list for which of the possible choice of (‘heavy’ or ‘light’)
right-handed quark and lepton fields a coupling of type α, β, γ is realised. The coupling κ
is allowed by the U(1) section rules whenever L and Hu reside on the same matter curve and
11Note that if two or more families are localised on the same matter curve the rank of the perturbative Yukawa
coupling matrix is non-maximal, at least if there exists only one Yukawa coupling point, as studied in the F-theory GUT
literature [108–111]. In this case some of the ‘heavy’ fields do not receive a perturbative mass after all. Non-perturbative
effects can solve this rank-one problem [112–115].
12The generation of charged operators via D3/M5-branes in F-theory along the lines of [28–32] has been studied
recently in [71,116,116–121], and related aspects of such instantons in F-theory appear in [122–127].
13The generation of such mass hierarchies in perturbative Type II MSSM quivers has been studied systematically
in [38–40].
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are thus vector-like with respect to all gauge symmetries. Such terms correspond to effective
mass couplings and their presence can be read off from the precise vector-like spectrum of the
compactification, which can be computed in F-theory once the gauge background is specified
[128].
• Finally we check for which matter identifications the potentially dangerous dimension-five coup-
lings (6.5) are perturbatively allowed, based on the U(1)i charges of the involved fields. Note
that in principle, this does not necessarily imply that the couplings are actually non-zero; to
check this one would have to analyse in more detail how precisely the non-renormalisable coup-
lings arise by exchange of heavy intermediate states. Depending on the details of the setup the
resulting couplings can be negligibly small. This is left for a more in-depth analysis, and we
take the results based purely on U(1)i selection rules merely as a first indication. Let us also
note that some of the non-perturbative effects required to induce the Yukawa couplings for the
‘light’ generations may at the same time induce other baryon or lepton-number violating or other
undesirable operators [38–40, 129]. We do not check for this possibility here. Furthermore we
reiterate that the constraints on both dimension-four and -five couplings are relaxed in scenarios
with intermediate or even high-scale supersymmetry breaking.
The results of this scan over possible Standard Model-like embeddings is presented in appendix D.
In configurations where the matter states can be localised at different curves, we do not list all possible
combinations separately. In particular our analysis so far does not make any statements about whether
it is possible to realise precisely the Standard Model context by inclusion of fluxes. Irrespective of
our relaxed attitude towards baryon and lepton number violation, a number of configurations exists
in which all dangerous dimension-four and in particular the dimensions-five operators λ1 and λ2 in
(6.5) are absent as a result of the U(1) selection rules.
6.2 A Specific Example
As an example consider model number 5 in the top combination I × A listed in table D.1 with
U(1)Y = U(1)1. In perhaps the simplest scenario, the Hu, Hd and all families of left-handed leptons
L are realised as the states 2
I
1, 2
I
2 and 2
I
3 respectively. In particular, U(1)2 therefore distinguishes
these states. Perturbative lepton masses arise if we identify νcR = 1
(6)
and ecR = 1
(1). For the
choice (ucR, d
c
R) = (3
A
4 ,3
A
3 ) the quark masses are also realised perturbatively with the caveat noted in
footnote 11. For the described assignment of matter all R-parity violating dimension-four couplings
are perturbatively forbidden, as are the potentially problematic dimension-five couplings λ1QQQL
and λ2 u
c
R u
c
R d
c
R e
c
R.
However, more complicated assignments are possible. For instance, if one or more families of
leptons L are instead identified with the state 22, then in this family the right-handed neutrino, which
could be any of the states 1(5), 1(6) or their conjugates, does not have a perturbative Dirac mass. In
this case, the Dirac mass would have to be generated directly by non-perturbative effects as proposed
in [130], naturally explaining the smallness of the neutrino masses via the non-perturbative suppression.
If both types of matter identifications are combined for different families, a lepton-number violating
dimension-four term 23 23 12 arises, where 1
(2) is now the ‘massive’ ecR which couples perturbatively
to the L-family 22. This coupling is innocuous for the proton as no baryon-lepton number violating
terms are created.
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7 Fluxes and Chiral Spectrum
A chiral charged matter spectrum, ideally with three generations of MSSM matter and no chiral
exotics, requires the introduction of suitable gauge fluxes. In F/M-theory, gauge fluxes are described
by 4-form fluxes G4 ∈ H2,2(Yˆ4) subject to a number of consistency conditions. Apart from obeying
transversality [131],∫
Yˆ4
G4 ∧ Z ∧ pi−1Da =
∫
Yˆ4
G4 ∧ pi−1Da ∧ pi−1Db = 0 ∀Da, Db ∈ H1,1(B) (7.1)
with Z the zero-section, and the quantisation condition [132–134]
G4 +
1
2
c2(Yˆ4) ∈ H4(Yˆ4,Z), (7.2)
the gauge flux G4 must not break the SU(3) and SU(2) gauge group,∫
Yˆ4
G4 ∧ Ei ∧ pi−1Da = 0 ∀Da ∈ H1,1(B), (7.3)
satisfy the D-term supersymmetry conditions for both U(1) gauge groups with generating 2-forms
ωi [46, 135], ∫
Yˆ4
G4 ∧ ωi ∧ J, i = 1, 2 (7.4)
with Ka¨hler form J inside the Ka¨hler cone, as well as the D3-tadpole cancellation condition
∫
Yˆ4
G4 ∧
G4 +ND3 =
χ(Yˆ4)
24 . In presence of such fluxes, the chiral index of matter in representation R localised
on matter curve CR ⊂ B is given by the topological intersection number [49,50,52,136–140]
χ(R) =
∫
CR
G4. (7.5)
Here CR denotes the matter surface given by the fibration over CR of the linear combination of fibre
P1s associated with the highest weight of representation R. Eventually we will need to know not only
the chiral index, but the exact massless vector-like spectrum. A proposal for the computation of the
charged localised vector-like matter based on a description of the 3-form potential underlying G4 in
terms of Chow groups has been given recently in [128].
An important restriction arises from the requirement that the MSSM hypercharge
U(1)Y = aU(1)1 + b U(1)2 (7.6)
must not receive a Stu¨ckelberg mass. This is guaranteed precisely if∫
Yˆ4
G4 ∧ ωY ∧ pi−1Da = 0 ∀Da ∈ H1,1(B), where ωY = aω1 + b ω2 (7.7)
is the hypercharge generator defined in terms of the generators of the two U(1)i, c.f. (5.4). This
condition ensures that no U(1)Y -D-term is induced by the flux, which is equivalent to stating that
the fluxes do not lead to a U(1)Y -dependent gauging of the axions as would be the case if the U(1)Y
boson received a Stu¨ckelberg mass.
To explicitly analyse these conditions, recall that the group H2,2(Yˆ4) splits into a vertical part
H2,2vert(Yˆ4) and a horizontal part H
2,2
hor(Yˆ4), the first of which is generated by products of elements in
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H1,1(Yˆ4) [140, 141]. Elements in H
2,2
vert(Yˆ4) are comparatively straightforward to describe, and can in
principle be classified completely, see e.g. [52] in the context of so-called U(1)-restricted SU(N)×U(1)
models (for N ≤ 5) and [60,62] for SU(5)×U(1)1×U(1)2 fibrations. While we leave a more systematic
analysis of the possible vertical fluxes for the nine combinations of SU(3) × SU(2) × U(1)1 × U(1)2
for future work, we here exemplify the general procedure.
First, the gauge fluxes associated with the U(1)1 and U(1)2 gauge symmetries are guaranteed to
satisfy the transversality condition as an immediate consequence of the properties of the Shioda map
that leads to the definition of the U(1)i generators ωi. In our situation therefore
G
(i)
4 = pi
−1Fi ∧ ωi, Fi ∈ H1,1(B), i = 1, 2 (7.8)
represent viable gauge fluxes subject to the remaining conditions listed above. One more independent
vertical flux exists already for the U(1)1 × U(1)2-fibration without further non-abelian gauge group
[60–62]. We will make use of the representation of this extra flux as the 4-form dual to one of the two
singlet matter surfaces associated with the singlet 1(3) appearing in table 2.12. More precisely, the
extra flux can be described, in the notation of [61], as
Gγ4 = [γ] = pi
−1[b2] ∧ pi−1[c1]− [b2 ∩ c1 ∩ s0], (7.9)
where the matter surface γ is given as a complete intersection inside the ambient 5-fold of the fibration
Yˆ4,
γ = b2 ∩ c1 ∩ P˜ , PT |b2=c1=0 = s0P˜ . (7.10)
In the second expression in (7.9) it is used that the fibre over the curve {b2} ∩ {c1} splits into two
P1s. Additional vertical fluxes may exist in presence of extra non-abelian gauge groups. In fact, each
of the 4-cycles associated with the charged matter surfaces defines a transverse cycle and thus defines
a valid type of gauge flux subject to the remaining constraints. However, more work is required to
check which of these lead to fluxes independent of the fluxes G
(i)
4 and G
γ
4 , see [60,62] for this analysis
with extra non-abelian gauge group SU(5).
Evaluating the described constraints depends on the details of the tops under consideration. Let
us consider the combination of tops I × A. We first need to evaluate the constraints on the fluxes
for U(1)Y to remain massless. With the help in particular of the intersection numbers (2.18) - (2.22)
in [61] and using the explicit the form (5.8) of the U(1)i generators, one computes∫
Yˆ4
ω1 ∧ ω1 ∧ pi−1Da ∧ pi−1Db =
∫
B
(−2K + 1
2
W2 +
2
3
W3) ∧Da ∧Db, (7.11)∫
Yˆ4
ω2 ∧ ω2 ∧ pi−1Da ∧ pi−1Db =
∫
B
(−2K − 2[c1;0,0] + 2
3
W3) ∧Da ∧Db, (7.12)∫
Yˆ4
ω1 ∧ ω2 ∧ pi−1Da ∧ pi−1Db =
∫
B
(−K + [c2;0,1]− [c1;0,0] + 2
3
W3) ∧Da ∧Db, (7.13)
where Da, Db ∈ H1,1(B) and W2 = {w2} and W3 = {w3} represent the SU(2) and SU(3) divisors on
the base. The base sections c1;0,0 and c2;0,1 are defined in (5.5).
To compute the intersection numbers
∫
Gγ4 ∧ ωi ∧ pi−1Da, we follow the procedure in [61] and
exploit that the 4-cycle γ dual to the flux Gγ4 represents the weight of the singlet state 1
(3)
with
charges (−1,−2). With ∫ Gγ4 ∧ ωi ∧ pi−1Da = ∫γ ωi ∧ pi−1Da therefore∫
Gγ4 ∧ ω1 ∧ pi−1Da = (−1)
∫
B
[b2;0,0] ∧ [c1;0,0] ∧Da, (7.14)∫
Gγ4 ∧ ω2 ∧ pi−1Da = (−2)
∫
B
[b2;0,0] ∧ [c1;0,0] ∧Da, (7.15)
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because integration of the U(1)i generators ωi over the highest-weight P1 in the fibre gives the U(1)i
charge. Altogether, if we only switch on flux G4 = G
(1)
4 + G
(2)
4 + αG
γ
4 , the parameters Fi ∈ H1,1(B)
and α are constrained by masslessness of U(1)Y such that for all Da ∈ H1,1(B)∫
B
[
F1 ∧
(
a(−2K + 1
2
W2 +
2
3
W3) + b(−2K − 2[c1;0,0] + 2
3
W3)
)
− α(a+ 2b) [b2;0,0] ∧ [c1;0,0]+
F2 ∧
(
a(−2K − 2[c1;0,0] + 2
3
W3) + b(−K + [c2;0,1]− [c1;0,0] + 2
3
W3)
)]
∧Da = 0.
(7.16)
For a given base B one then expands all forms into a basis of H1,1Z (B) and makes an ansatz for the U(1)i
fluxes Fi with suitably quantised coefficients (and same for α) in agreement with the flux quantisation
condition (7.2).
The chiral index of the charged matter in representation R with respect to the U(1)i fluxes is
simply given by ∫
CR
G
(i)
4 = qi
∫
CR
Fi, (7.17)
where qi denotes the U(1)i charge. To compute the index
∫
CR G
γ
4 we analyse the geometric intersection
of CR with the 4-cycle γ. For top I×A the only intersections occur with the surfaces associated with
the states 22 as well as 32 and 34. The intersection product of γ with the various matter surfaces is
implicitly contained in tables 3.2 and 4.2, which contain the Yukawa couplings with the singlet 1(3).
More precisely, explicit analysis of the intersection shows that the topological intersection number of
4-cycle γ with the fibration of P10B over the 22-curve - see table 3.1 - is given by −
∫
B[b2;0,0]∧[c1;0,0]∧W2.
Since P10B is the highest weight of the representation 22, this equals the chiral index for this state.
Similarly for P10u over the 32-curve listed in table 4.1 one gets −
∫
B[b2;0,0] ∧ [c1;0,0] ∧W3. Altogether
thus Gγ4 contributes
χγ(22) = −
∫
B
[b2;0,0] ∧ [c1;0,0] ∧W2, χγ(32) =
∫
B
[b2;0,0] ∧ [c1;0,0] ∧W3 = −χγ(34). (7.18)
This merely exemplifies the use of fluxes and the constraints that have to be met in constructing
vacua with a realistic particle spectrum. An explicit analysis of the set of possible fluxes is clearly
beyond the scope of this work and left for future investigations.
8 Summary and Outlook
F-theory is a unifying framework for the description of Type IIB compactifications with 7-branes
which extends to an intrinsically non-perturbative regime. While recent phenomenological studies
of F-theory have exploited its non-perturbative nature in the context of GUT models of particle
physics, it is an equally exciting question to what extent direct, non-GUT realisations of the Standard
Model within F-theory go beyond the known possibilities of perturbative models. In view of the
very different structure of Yukawa couplings in perturbative and non-perturbative brane vacua, F-
theory is expected to encompass realisations of the Standard Model which cannot be studied in purely
perturbative approaches.
In this work we have taken some first steps towards a direct embedding of the Standard Model
gauge group and matter fields into F-theory. To this end we have constructed elliptic fibrations for F-
theory compactifications with gauge group SU(3)×SU(2)×U(1)1×U(1)2. The fibrations considered
arise as specialisations of the class of Bl2P3-fibrations constructed in [57, 58, 60–62] (see also [79] for
earlier work) with gauge group U(1)1 × U(1)2. We have focused on the class of toric singularity
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enhancements leading to extra gauge group SU(3)× SU(2) along two in principle unrelated divisors
W3 and W2. In this sense our construction differs from the earlier approaches to F-theory Standard
Models reported in [75–77], which geometrically deform an underlying SU(5) theory to the Standard
Model. The structure of singularities in the class of toric SU(3) × SU(2) × U(1)1 × U(1)2 models
and their resolution is described by the combination of the 3 × 3 possible tops with gauge group
SU(3) × SU(2) over polygon 5 in the classification of [78]; of the nine combinations only five are
mutually inequivalent. For generic choice of SU(3) and SU(2) divisors on the base, the spectrum of
charged matter representations consists, in absence of fluxes, of a state (3,2), three types of (1,2)-
states and five types of (3,1)-states plus conjugates, whose U(1)i charges we have computed. We have
analysed the perturbative Yukawa interactions among these states including the sector of U(1)i charged
singlets [57,58,60–62]. This analysis is independent of the specific base space B of the fibration. Given
a concrete base space which allows for all the sections defining the fibration one can then construct
explicit elliptically fibred Calabi-Yau fourfolds, whose smoothness can be checked torically. We have
exemplified this for a toy model over B = P3; more complicated explicit realisations, ideally with rigid
divisors for the non-abelian gauge groups along the lines of [142–145], are left for future work.
Based on these investigations, we have classified the possible identifications of the MSSM matter
fields with the various representations present in each of the five inequivalent types of fibrations.
We allow for an extension of the MSSM by right-handed neutrinos and possibly by an extra singlet
whose non-vanishing VEV generates a µ-term in the Higgs sector. One linear combination of U(1)1
and U(1)2 describes the MSSM hypercharge, which must remain massless upon inclusion of gauge
fluxes, while the orthogonal linear combination acts as a U(1) selection and must acquire a flux-
induced Stu¨ckelberg mass. For suitable matter assignments in our list of possibilities, this extra U(1)
selection rule indeed forbids all dimension-four R-parity violating and the most dangerous dimension-
five lepton- and baryon-number violating effective couplings. As stressed and investigated in [38–
40, 129], such couplings can be introduced non-perturbatively if some of the required Yukawas are
generated by instantons. A study of this effect is left for future work. In fact, in our classification
of possible Standard Model identifications we do a priori not insist on absence of all lepton- and
baryon-number violating dimension-four and -five couplings even at the perturbative level, but merely
list which of these couplings are geometrically realised. While most of them would certainly have
to be excluded for a TeV-scale supersymmetry breaking scale – see [36, 39, 40] for this approach in
the context of perturbative MSSM quivers and [95] in the context of MSSM quivers with singlet
extensions – the constraints on some of the couplings are more relaxed in intermediate or high-
scale supersymmetry breaking scenarios. Based on our classification of potential Standard Model
identifications, an interesting task for future work will be an in-depth analysis of the effects of such
couplings depending on the spectrum of superpartners.
In view of our original motivation as stated at the beginning of this section, it will furthermore be
interesting to investigate which of the configurations admit a well-defined weak-coupling limit. This
will in turn identify those potential Standard Model realisations which truly go beyond perturbative
models, and it will be illuminating to distill their characteristic physical properties in contradistinction
to perturbative D-brane vacua.
Another important question to study will be the constraints on the moduli of the compactification
for the running of the gauge couplings to be consistent with their observed value at the weak scale.
The gauge couplings depend on the Ka¨hler moduli of the compactification, which therefore must obey
certain relations in order to reproduce the approximate unification of gauge couplings at a higher scale,
the detailed form of which depends of course on the precise spectrum of intermediate states. Such
relations have been studied in the perturbative Type IIA framework in [15]. The need for the moduli
to obey such relations might seem ad hoc to GUT model builders; on the other hand even in GUT
realisations of string theory important corrections, in the example of F-theory due to hypercharge flux
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or Kaluza-Klein states [8, 103,146–148], render unification less non-trivial than one might think.
The construction of phenomenologically viable F-theory vacua requires the inclusion of gauge
fluxes in such a way as to reproduce the chiral spectrum of the Standard Model. As we have dis-
cussed, the fluxes must be chosen such as to respect masslessness of the specific linear combination
of U(1)1 and U(1)2 corresponding to hypercharge. In future work we plan to systematically analyse
large classes of consistent gauge fluxes in order to determine which of the potential Standard Model
identifications are actually compatible with three families of MSSM spectrum and absence of chiral
exotics. Indeed, consistency of the compactification including the gauge flux data is known to restrict
the allowed spectrum, sometimes even beyond a purely 4-dimensional field theory analysis as studied
in the perturbative framework in [149] (see also [150]). Apart from the inclusion of suitable fluxes,
there are various modifications of the geometry conceivable in order to avoid unwanted exotic states:
Some of the matter curves are inexistent for suitable choices of classes α and β which determine the
fibration as summarised in table 2.1. It will be interesting to analyse in detail which special choices
are possible such as to ‘switch off’ a maximal number of exotic matter curves without affecting the
Standard Model sector. Furthermore, the spectrum of massless states changes in the presence of va-
cuum expectation values for some of the singlets. This corresponds either to a recombination process
or to a gluing [151,152] of branes and can turn out instrumental in concrete model building.
Finally we stress that the analysis of the massless spectrum has to go beyond the chiral index
and include also a computation of the the vector-like spectrum of states. This implies that the C3-
gauge field background must be specified more accurately than merely in terms of the gauge flux G4.
In [128] it was shown how to specify the gauge data via rational equivalence classes of 4-cycles, and
a natural candidate was proposed for the cohomology groups counting the exact vector-like matter
spectrum individually. We look forward to applying this technology in our search for realistic F-theory
non-GUTs.
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A Details on the Toric Diagrams
In this appendix we present the toric diagrams of the SU(2) and SU(3) tops. Special emphasis will
be put on the symmetries which identify some of the models as equivalent pairs. The relationship
between toric geometry and the geometry of Calabi-Yau hypersurfaces is described in e.g. [78].
The ambient space Bl2P2 has the toric diagram depicted on the left in figure 2. The lattice points
of the dual diagram on the right correspond to the terms of the hypersurface equation (2.1). Clearly
the diagrams share a common reflection symmetry along the dotted diagonal axis.
u s1
w
v
s0
d2 b2d1
c1
c2b0
d0 b1
Figure 2: Polygon 5 (in the classification of [78]) describing the fibre ambient space Bl2P2; every
lattice point of the dual polygon (right) gives an individual term of the hypersurface equation. The
reflection symmetry along the dotted diagonal is manifest.
The symmetry exchanges fibre coordinates s0 ↔ s1, v↔ w and coefficients b0 ↔ b2, c1 ↔ c2, d0 ↔
d1 of the hypersurface equation. Consequently, the U(1) generators (2.5) are also transformed, namely
as
ω1 = S1 − S0 −K −→ S0 − S1 −K = −ω1 + 2K ,
ω2 = U − S0 −K − [c1] −→ U − S1 −K − [c2] = ω2 − ω1 −K + [c1]− [c2] .
(A.1)
These forms do not satisfy the verticality condition, i.e. they are not in the image of the Shioda map.
However they only differ from such by the pullback of divisors of the base. Since such pullbacks never
contribute to the U(1) charges of any states, the U(1) charges indeed transform as
U(1)′1 = −U(1)1 ,
U(1)′2 = U(1)2 − U(1)1 .
(A.2)
The symmetry also exchanges the singlets (as the coefficients bi, cj , dk are exchanged), namely 1
(1) ↔
1
(3)
,1(2) ↔ 1(4), while 1(5) and 1(6) are invariant.
The same symmetry relates the SU(2) and SU(3) tops as well as combinations of those. As shown
in figure 3, the SU(2)-I and -II tops are precisely matched onto each other, however only if one also
exchanges the resolution coordinates e0 ↔ e1. The U(1) generators on both sides can be similarly
matched. The first generator transforms as ωI1 −→ SII0 − SII1 −K+ 12EII0 = −(SII1 − SII0 −K+ 12EII1 ) +
2K + 12pi∗W2 = −ωII1 + 2K + 12pi∗W2, where the first equality exploits the relation E0 + E1 = pi∗W2
for the resolution divisors of an SU(2) singularity. For the second generator one now needs to take
into account that cI1 = c
I
1,0 e
I
1 is mapped onto c
II
2 = c
II
2,1 e
II
0 , from which one can easily verify the
transformation ωI2 −→ ωII2 −ω II1 + [cII1 ]− [cII2,1]−K. As mentioned after (3.16), the spectrum of SU(2)-
charged states is also exchanged as 2Ii ↔ 2IIi , i = 1, 2, 3. Obviously the SU(2)-III top is invariant
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I: II: III:
e0 e1
e0
e1
e0
e1
A:
f2
f1f0
B:
f0
f2f1
C:
f1
f0
f2
Figure 3: Possible SU(2) (upper) and SU(3) (lower) tops. The coloured lines and vertices are the
‘top layer’ of the three-dimensional toric diagram, projected down onto the layer containing the base
polygon representing the fibre ambient space.
under the reflection symmetry. The spectrum and U(1) charges transform as stated in subsection 3.2.
Similarly one can see that the SU(3)-A and -C tops are equivalent to each other, while the -B top is
invariant under reflection. Analogous calculations as above show that the U(1) generators transform
accordingly.
When we combine the SU(2) and SU(3) tops, we see that among the nine possibilities there are
in fact five inequivalent models with SU(2)× SU(3) gauge group. The redundancy comes again from
reflecting along the symmetry axis of the base polygon, which identifies four pairs of models to be
equivalent (cf. figure 4). The combination III×B is invariant under the reflection transformation. The
equivalence of the pairs of models can also be checked in a similar fashion as above, by inspecting the
transformation of the U(1) generators and the matter states.
B Details on SU(2)-II and -III Tops
In this part we provide more details on the matter and Yukawa couplings of the SU(2)-II and -III top
which have not been discussed at length in the corpus of this paper.
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III× B
I×A I× B I× C III×A
II× C II× B II×A III× C
Figure 4: The combination of SU(2) and SU(3) tops gives rise to five inequivalent models. Their
toric diagram lies in a four-dimensional lattice, where the ‘top layers’ corresponding to SU(2) and
SU(3) resolution divisors extend into two linearly independent directions that do not lie in the plane
spanned by the base polygon. For this figure we have projected the tops down into said plane. The
four pairs of tops that are equivalent are related to each other by reflection along the diagonal in the
plane of the base polygon.
B.1 SU(2)-II Top
The top corresponds to restricting the hypersurface coefficients as
b0 = b0,1 e0, b2 = b2,0 e1, c2 = c2,1 e0, d1 = d1,0 e1, d2 = d2,0 e1. (B.1)
There are two possible SR-ideals, of which we choose
u v,u w,w s0, v s1, s0 s1, e0 s1, e0 u, e1 v. (B.2)
The scaling relations and divisor classes for this top are as follows:
u v w s0 s1 e1 e0
U 1 1 1 · · · ·
S0 · · 1 1 · · ·
S1 · 1 · · 1 · ·
E1 · 1 · · · 1 −1
(B.3)
The U(1) generators, normalised such that the SU(2) root remains uncharged, are given by
ωII1 = S1 − S0 −K +
1
2
E1,
ωII2 = U − S0 −K − [c1] +
1
2
E1.
(B.4)
The discriminant locus now takes the form
∆ ' w22
(
c1 (c
2
2,1 d0 − b0,1 b1 c2,1 + b20,1 c1) `3 (b21 − 4c1d0)2 +O(w2)
)
. (B.5)
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The fibres over the intersection of the first three factors inside the big bracket in (B.5) with {w2}
are indeed of split Kodaira type I3. A similar analysis as for the SU(2)-I top confirms matter in the 2
representation (together with their charge conjugates 2) on the matter curves displayed in table B.1.
matter locus = W2 ∩ . . . splitting of fibre components U(1)− charges
2II1 {c1} P11 → P11s0+ P11A (12 , 32)
2II2 {c22,1 d0 − b0,1 b1 c2,1 + b20,1 c1} P11 → P11B + P11C (12 ,−12)
{`3} := {b22,0 d20
2II3 +b2,0 (b
2
1 d2,0 − 2 c1 d0 d2,0 − b1 d0 d1,0) P10 → P10A + P10B (12 , 12)
+c1(d0 d
2
1,0 + d2,0(c1 d2,0 − b1 d1,0))}
Table B.1: Matter states in the SU(2)-II top.
The splitting of the fibre components over the first curve and the resulting enhancement of the
intersection structure to that of an affine SU(3) diagram is straightforward to see. For the second
curve, we factorise
c22,1 d0 − b0,1 b1 c2,1 + b20,1 c1 =
1
d0
C+ C− with C± = c2,1 d0 − b0,1
(
b1
2
±
√
b21
4
− c1 d0
)
, (B.6)
which splits the curve into two parts W2 ∩ {C± = 0} that are connected at a branch cut. Similar to
the results (3.11) of the first SU(2) top, we find that over these two parts the fibre of the divisor E1
splits into two components, P11B and P11C , that can be extended over the whole curve without being
interchanged by any monodromy. The intersection structure is again that of the affine SU(3) diagram.
Analogously, the third curve can be written as W2 ∩ `3 with
`3 = 1/d
2
0D+D−, D± = b2,0 d20 −
[
c1 d0 d2,0 + (d0 d1,0 − b1 d2,0)
(
b1
2
±
√
b21
4
− c1 d0
)]
. (B.7)
A similar calculation as (3.13) shows that the divisor E0 splits into P10A +P10B, with both components
well-defined over the whole curve. As expected one finds the intersection structure to be an affine
SU(3) diagram.
Note that apart from the three matter curves discussed above, the vanishing order of the discrim-
inant increases from 2 to 3 also along the curve {w2} ∩ {b21 − 4c1d0}; however, the fibre is of Kodaira
type III since the Weierstrass sections f and g vanish to order 1 and 2 respectively. Thus no extra
charged matter representations arise here, in agreement with the formalism of [93].
The Yukawa couplings involving SU(2) matter are summarised in table B.2. The fibre structure
enhancement for each Yukawa point can be read off from the last column in an analogous fashion
as with the first SU(2) top (cf. table 3.2). We find the affine SU(4) diagram as the intersection
structure over all Yukawa points. Note that for the second and third pair of Yukawa points, the
same split products of each pair arrange themselves into different intersection patterns, realising either
2i − 2j − 1/1 or 2i − 2j − 1/1 couplings.
B.2 SU(2)-III Top
This top restricts the hypersurface coefficients as
c1 = c1,1 e0, c2 = c2,1 e0, d0 = d0,0 e1, d1 = d1,0 e1, d2 = d2,0 e
2
1. (B.8)
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coupling locus = W2 ∩ . . . splitting of fibre components
2II1 − 2II2 − 1(4) {c1} ∩ {c2,1 d0 − b0,1 b1} P11 → P11s0C+ P11AB + P11AC
2II1 − 2II2 − 1(5) {c1} ∩ {c2,1} P11 → P11s0B+ P11AB′ + P11AC′
2II1 − 2II3 − 1(3) {c1} ∩ {b2,0} P10 → P10A + P10B, P11 → P11s0+ P11A
2II1 − 2II3 − 1(6) {c1} ∩ {b2,0 d20 + b1 (d0 d1,0 − b1 d2,0)} P10 → P10A + P10B, P11 → P11s0+ P11A
2II2 − 2II3 − 1(2) ({C+} ∩ {D+}) ∪ ({C−} ∩ {D−}) P10 → P10A + P10B, P11 → P11B + P11C
2II2 − 2II3 − 1(6) ({C+} ∩ {D−}) ∪ ({C−} ∩ {D+}) P10 → P10A + P10B, P11 → P11B + P11C
2II2 − 2II2 − 1(1) {b0,1} ∩ {c2,1} P11 → P11B+ P11s1C + P11C′
2II3 − 2II3 − 1(4) {b1 d2,0 − d0 d1,0} ∩ {c1 d2,0 − b2,0 d0} P10 → P10A+ P10B′ + P10B′′
Table B.2: Yukawa couplings in the SU(2)-II top.
For this top there are four possible SR-ideals, of which we choose
u v, u w,w s0, v s1, s0 s1, e0 u, e0 s0, e1 w. (B.9)
The scaling relations and divisor classes for this top are
u v w s0 s1 e1 e0
U 1 1 1 · · · ·
S0 · · 1 1 · · ·
S1 · 1 · · 1 · ·
E1 · 1 1 · · 1 −1
(B.10)
The SU(2) root in this top is uncharged under the generators (2.5) so that no correction term is
needed,
ωIII1 = S1 − S0 −K,
ωIII2 = U − S0 −K − [c1,1].
(B.11)
This time the discriminant of the singular blow-down takes the form
∆ = w22
(
b0 b2 (b0 c
2
1,1 − b1 c1,1 c2,1 + b2 c22,1)(b21 − 4b0b2)2
(−b2d20 + b1d0,0d1,0 − b0d21,0 − b21d2,0 + 4b0b2d2,0) +O(w2)
)
. (B.12)
Over the intersection of {w2} with the first three factors in the bracket in (B.12), the fibre type
enhances to split Kodaira type I3. This gives rise to matter states in the 2 representation (together
with their charge conjugate 2 states) summarised in tabe B.3.
By setting b0/b2 = 0 in the hypersurface equation, it is again straightforward to see the split-
ting process and the enhancement of the intersection structure to an affine SU(3) diagram over the
first/second 2-curve. The quadratic equation defining the third curve can be again factorised analog-
ously to (3.10). However, because of the Yukawa points that are present in this top (see below), we
need two different factorisations,
b0 c
2
1,1 − b1 c1,1 c2,1 + b2 c22,1 =
1
b0
C+ C− = 1
b2
D+D− (B.13)
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matter locus = W2 ∩ . . . splitting of fibre components U(1)− charges
2III1 {b0} P10 → P10s1+ P10A (1, 0)
2III2 {b2} P11 → P11v + P11A (1, 1)
2III3 {b0 c21,1 − b1 c1,1 c2,1 + b2 c22,1} P11 → P11B + P11C (0, 1)
Table B.3: Matter states in the SU(2)-III top.
with
C± = c1,1 b0 − c2,1
(
b1
2
±
√
b21
4
− b0 b2
)
, D± = c2,1 b2 − c1,1
(
b1
2
∓
√
b21
4
− b0 b2
)
. (B.14)
The two factorisations describe the same splittings of the curve into two parts which are connected
at the branch cut of the square root. With these two factorisations, one can analyse the splitting of
the fibre when either b0 or b2 is non-zero.
14 When b0 6= 0, we can solve C± for c1,1 and plug the result
into the hypersurface equation; if b2 6= 0, we solve D± for c2,1. Doing so, we find no splitting for P10,
but P11 splits as follows:
PT (e1 = 0, C±/D± = 0)
b0 6=0
=
1
b0
[(
b1
2
±
√
b21
4
− b0 b2
)
s1 + b0 s0 v
]
︸ ︷︷ ︸
P11B
[(
b1
2
∓
√
b21
4
− b0 b2
)
s1 u + c2,1 e0 v + b0 s0 u v
]
︸ ︷︷ ︸
P11C
(B.15)
b2 6=0
=
1
b2
︷ ︸︸ ︷[
b2 s1 +
(
b1
2
∓
√
b21
4
− b0 b2
)
s0 v
]︷ ︸︸ ︷[
b2 s1 u + c1,1 e0 v +
(
b1
2
±
√
b21
4
− b0 b2
)
s0 u v
]
(B.16)
The fibre over {w2} ∩ {b21 − 4b0b2} is of Kodaira type III and thus no massless matter arises.
Interestingly, over the remaining locus {w2}∩{−b2d20+b1d0,0d1,0−b0d21,0−b21d2,0+4b0b2d2,0}, (f, g,∆)
vanish to order (0, 0, 3), but the fibre is of non-split Kodaira type I3. This can be read off from
the specifics of the Weierstrass sections f and g following Tate’s algorithm. Moreover, an explicit
analysis of the resolved fibre confirms that it locally factors into three P1s, two of which are however
exchanged by a monodromy along the curve in the base. Since the corresponding singularity type is
merely Sp(1) (as opposed to SU(3)) no massless matter arises here. Note that this conclusion is not
in contradiction with the results of [93], especially table 9, which would naively indicate fundamental
matter along this curve. However, the analysis of [93] holds on Calabi-Yau 3-folds and therefore does
not account for potential monodromies along the matter loci.
The possible Yukawa couplings are summarised in table B.4. The splitting process over the first
type of Yukawa points is straightforward to see when one evaluates the hypersurface equation on the
locus.
The second and third groups of couplings arise over the intersection of the 2III3 -curve with b0 = 0
and hence require the factorisation (B.16). The second Yukawa point lies over D− = 0, corresponding
to the downstairs signs in (B.16); the third point lies over D+ = 0, corresponding to upstairs signs.
In both cases, we see that there is no further splitting of P11B and P11C when we set b0 = 0. Rather,
P10 splits, coming from the already present enhancement over the 2III1 curve.
14On a generic base of complex dimension 3, b0 and b2 cannot both vanish on the codimension 2 curve.
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coupling locus = W2 ∩ . . . splitting of fibre components
2III1 − 2III2 − 1(6) {b0} ∩ {b2} P10 → P10s1+ P10A, P11 → P11v + P11A
2III1 − 2III3 − 1(4) {b0} ∩ {c2,1 b2 − c1,1 b1} P10 → P10s1+ P10A, P11 → P11B + P11C
2III1 − 2III3 − 1(1) {b0} ∩ {c2,1} P10 → P10s1+ P10A, P11 → P11B′ + P11C
2III2 − 2III3 − 1(3) {b2} ∩ {c1,1} P11 → P11vB + P11AB + P11AC
2III2 − 2III3 − 1(2) {b2} ∩ {c1,1 b0 − c2,1 b1} P11 → P11vC + P11AB′ + P11AC′
2III3 − 2III3 − 1(5) {c1,1} ∩ {c2,1} P11 → P11B + P11uC + P11C′
Table B.4: Yukawa couplings in the SU(2)-III top.
The fourth and fifth Yukawa point are the intersection points of 2III3 and b2 = 0, hence we make
use of the factorisation (B.15). The fourth/fifth point lies on C−/C+ = 0, correspondingly we take the
downstairs/upstairs signs in (B.15). Setting b2 = 0, we see that for the fourth coupling, P11B splits off
a factor v, while P11C remains irreducible; for the fifth coupling, it is P11C that splits.
Finally, over the last Yukawa point, which is a self-intersection point, neither b0 nor b2 are 0, and
so both factorisations (B.15) and (B.16) should give the same splitting process in the fibre. Indeed,
setting c2,1 = 0 in (B.15) and c1,1 = 0 in (B.16) shows that P11B remains irreducible while P11C splits
off a factor u.
Over all Yukawa points we find that the intersection structure of the P1 components is the affine
SU(4) diagram.
C Details on SU(3)-B and -C Tops
Here we go through the remaining SU(3) tops in more detail.
C.1 SU(3)-B Top
The SU(3)-B top leads to the restrictions of the following coefficients
b0 = b0,2 f
2
0 f1, b2 = b2,0 f1 f
2
2 , c1 = c1,0 f2, c2 = c2,1 f0,
d0 = d0,1 f0 f1, d1 = d1,0 f1 f2, d2 = d2,0 f1,
(C.1)
while b1 remain unrestricted. There are eight different triangulations. For definiteness, we choose the
one leading to the following SR-ideal:
u v, u w,w s0, v s1, s0 s1, f0 u, f0 s1, f1 v, f1 w, f2 u, f2 s0, f2 v. (C.2)
The coordinates and their corresponding divisor classes are summarised in the following table:
u v w s0 s1 f1 f2 f0
U 1 1 1 · · · · ·
S0 · · 1 1 · · · ·
S1 · 1 · · 1 · · ·
F1 · 1 · · · 1 · −1
F2 · 1 −1 · · · 1 −1
(C.3)
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For SU(3) roots to have zero U(1) charge, the generators (2.5) receive the following correction:
ωB1 = S1 − S0 −K +
1
3
F1 +
2
3
F2,
ωB2 = U − S0 −K − [c1,0] +
2
3
F1 +
1
3
F2.
(C.4)
We find codimension 2 enhancement with 3 and 3 matter over loci and with charges as presented
in table C.1. Over the curve {w3} ∩ {b1} the fibre type changes to Kodaira type IV , but such fibres
do not give rise to additional charged matter.
The gauge invariant Yukawa coupling appearing are listed in table C.2.
matter locus = W3 ∩ . . . splitting of fibre components U(1)− charges
3B1 {c1,0} P11 → P11s0+ P11A (−23 ,−43)
3B2 {c2,1} P11 → P11s1+ P11B (−23 , 23)
3B3 {d2,0} P10 → P10w + P10A (−23 ,−13)
3B4 {b21 b2,0 − b1 c1,0 d1,0 + c21,0 d2,0} P10 → P10B + P10C (13 , 23)
3B5 {b0,2 b21 + c22,1 d2.0 − b1 c2,1 d0,1} P12 → P12A + P12B (13 ,−13)
Table C.1: Matter states in the SU(3)-B top.
C.2 SU(3)-C Top
The third top leads to the restrictions of the following coefficients
b0 = b0,1 f0 f2, b2 = b2,0 f1, c1 = c1,1 f0 f1, c2 = c2,1 f0,
d0 = d0,0 f2, d1 = d1,0 f1 f2, d2 = d2,0 f1 f
2
2 ,
(C.5)
while b1 remain unrestricted. The top allows 4 different triangulations. For definiteness, we choose
the one leading to the following SR-ideal:
u v, u w,w s0, v s1, s0 s1, f0 u, f0 s0, f0 s1, f1 s0, f1 v, f2 w, f2 s1. (C.6)
The coordinates and their corresponding divisor classes are summarised in the following table:
u v w s0 s1 f1 f2 f0
U 1 1 1 · · · · ·
S0 · · 1 1 · · · ·
S1 · 1 · · 1 · · ·
F1 · 1 · · · 1 · −1
F2 · 1 1 · · · 1 −1
(C.7)
For SU(3) roots to have zero U(1) charge, the generators (2.5) receive the following correction:
ωC1 = S1 − S0 −K +
1
3
F1 − 1
3
F2,
ωC2 = U − S0 −K − [c1,1].
(C.8)
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coupling locus = W3 ∩ . . . splitting of fibre components
3B1 − 3B2 − 1(5) {c1,0} ∩ {c2,1} P11 → P11s0B + P11s1A + P11AB
3B1 − 3B3 − 1(6) {c1,0} ∩ {d2,0} P10 → P10w + P10A, P11 → P11s0+ P11A
3B1 − 3B4 − 1(3) {c1,0} ∩ {b2,0} P10 → P10B + P10C , P11 → P11s0+ P11A
3B1 − 3B5 − 1(4) {c1,0} ∩
(
3B5
)
P11 → P11s0+ P11A, P12 → P12A + P12B
3B2 − 3B3 − 1(6) {c2,1} ∩ {d2,0} P10 + P10w + P10A, P11 → P11s1+ P11B
3B2 − 3B4 − 1(2) {c2,1} ∩
(
3B4
)
P10 → P10B + P10C , P11 → P11s1+ P11B
3B2 − 3B5 − 1(1) {b0,2} ∩ {c2,1} P11 → P11s1+ P11B, P12 → P12A + P12B
3B3 − 3B4 − 1(4) {d2,0} ∩ {b1 b2,0 − c1,0 d1,0} P10 → P10wC + P10AC + P10AB
3B3 − 3B5 − 1(2) {d2,0} ∩ {b0,2 b1 − c2,1 d0,1} P10 + P10w + P10A, P12 → P12A + P12B
3B4 − 3B5 − 1(6)
(
3B4
) ∩ (3B5 ) \ ({d2,0} ∩ {b1}) P10 → P10B + P10C , P12 → P12A + P12B
3B3 − 3B4 − 3B5 {d2,0} ∩ {b1} P10 → P10wB + P10AB′ + P10AC′ , P12 → P12A + P12B
P10AB′ = P
1
2A
3B1 − 3B4 − 3B4 {c1,0} ∩ {b1} P10 → P10B + P10C′ + P10C1, P11 → P11s0+ P11A
P10C1 = P11A
3B2 − 3B5 − 3B5 {c2,1} ∩ {b1} P11 → P11s1+ P11B′ , P12 → P12A + P12B′ + P12B1
P11B = P12B1
Table C.2: Yukawa couplings in the SU(3)-B top.
The Kodaira type of the fibre enhances from I3 to I4 (split) over the codimension-2 loci displayed
in table C.3, which therefore give rise to 3 and 3 matter. In addition, over the curve {w3} ∩ {b1} the
fibre type changes to Kodaira type IV , but no matter representation arises over this locus.
The gauge invariant Yukawa coupling appearing are summarised in table C.4.
matter locus = W3 ∩ . . . splitting of fibre components U(1)− charges
3C1 {b2,0} P12 → P12v + P12A (−23 ,−1)
3C2 {c2,1} P11 → P11u + P11A (13 ,−1)
3C3 {b1 c1,1 − b2,0 c2,1} P12 → P12B + P12C (13 , 1)
3C4 {b0,1 b1 − c2,1 d0,0} P11 → P11B + P11C (−23 , 0)
3C5 {b2,0 d20,0 + b21 d2,0 − b1 d0,0 d1,0} P10 → P10A + P10B (13 , 0)
Table C.3: Matter states in the SU(3)-C top.
D Matching the MSSM-Spectrum
With the search criteria and algorithm presented in section 6.1, we find, for each of the toric SU(3)×
SU(2)×U(1)1×U(1)2 models described in section 5, a significant number of possibilities to match the
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coupling locus = W3 ∩ . . . splitting of fibre components
3C1 − 3C2 − 1(2) {b2,0} ∩ {c2,1} P11 → P11u + P11A, P12 → P12v + P12A
3C1 − 3C3 − 1(3) {b2,0} ∩ {c1,1} P12 → P12vC + P12AB + P12C′
3C1 − 3C4 − 1(6) {b2,0} ∩ {b0,1 b1 − c2,1 d0,0} P11 → P11B + P11C , P12 → P12v + P12A
3C1 − 3C5 − 1(4) {b2,0} ∩ {b1 d2,0 − d0,0 d1,0} P10 → P10A + P10B, P12 → P12v + P12A
3C2 − 3C3 − 1(5) {c2,1} ∩ {c1,1} P11 → P11u + P11A, P12 → P12B + P12C
3C2 − 3C4 − 1(1) {c2,1} ∩ {b0,1} P11 → P11uB + P11B′ + P11AC
3C2 − 3C5 − 1(6) {c2,1} ∩
(
3C5
)
P10 → P10A + P10B, P11 → P11u + P11A
3C3 − 3C4 − 1(4)
(
3C3
) ∩ (3C4 ) \ ({c2,1} ∩ {b1}) P11 → P11B + P11C , P12 → P12B + P12C
3C3 − 3C5 − 1(6)
(
3C3
) ∩ (3C5 ) \ ({b2,0} ∩ {b1}) P10 → P10A + P10B, P12 → P12B + P12C
3C4 − 3C5 − 1(2)
(
3C4
) ∩ (3C5 ) \ ({d0,0} ∩ {b1}) P10 → P10A + P10B, P11 → P11B + P11C
3C1 − 3C3 − 3C5 {b2,0} ∩ {b1} P10 → P10A + P10B, P12 → P12vB + P12B′ + P12AC
P10A = P12B′
3C2 − 3C3 − 3C4 {c2,1} ∩ {b1} P11 → P11uC + P11C′ + P11AB, P12 → P12B + P12C
P11C′ = P
1
2C
3C4 − 3C5 − 3C5 {d0,0} ∩ {b1} P10 → P10B + P10C′ + P10C1, P11 → P11B + P11C
P10C′ = P
1
1C
Table C.4: Yukawa couplings in the SU(3)-C top.
geometric spectrum with matter states of the MSSM including right-handed neutrinos und µ-singlets.
The results are listed in the left column of the tables below, in the notation introduced in section
6.1. In the right column, we have listed which of the baryon and lepton number violating couplings
(cf. (6.3) to (6.6)) are allowed by the U(1) selection rules, although – for space-saving reasons – in a
slightly altered order. Furthermore we do not explicitly write down the states associated with Hu, Hd
and Q in each coupling that appears, as these states are fixed for each possible match. For example
the α-term comes from a coupling QLdcR, where there can be, depending on the matching, several
different states for L and dcR, while Q is given by the unique (3,2)-state. In our table we list such
an existing coupling as (2,3), where the 2-state is the lepton L and 3 the down-quark, i.e. the states
appear in the same order as in the corresponding term in equations (6.3) – (6.6). When there is no
Q and H involved in a coupling we give all the states involved, again in the order as they appear
in the corresponding term; e.g. for the β-term ucR u
c
R d
c
R the corresponding entry in the table looks
like 3i 3j 3k, with the first up-quark involved being the state 3i, the second one being 3j , and the
down-quark being 3k. Note that we have summarised all possible terms of Wsinglet (6.4) in the entry
δ. Another special entry is the λ3-term in (6.5) of the form QQQHd; since there is no ambiguity
in this term from the matching of the states, we simply list whether the coupling is allowed by the
selection rules (X) or not (−).
We need to point out one case where the search algorithm does not completely fix the identification
of the states with the MSSM fields. This happens when the choice of the Higgs states Hu/d together
with the charges of Q = (3,2) does not completely fix the coefficients a and b of the hypercharge
in terms of U(1)1/2. In fact this is the case whenever there is a linear combination of U(1)1/2 under
which Q and Hu/d are all uncharged, which is the orthogonal linear combination to U(1)Y . In such
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a case there might be some other states that are also uncharged under this particular U(1) charge
combination and can be identified with some Standard Model states. As these states are uncharged
under the orthogonal U(1), they are not subject to any selection rules, so that the dimension-four and
-five operators in (6.3) – (6.6) will be present if all states involved are present. In this case there may
be more possibilities to match the spectrum, which we do not work out explicitly here. For every top
combination (except for III×B, where there is no such case) we have listed the corresponding case at
the end of the tables below. In the I × A-model for example, this happens when Hu = 2I1, Hd = 2I1,
and any assignment U(1)Y = (2b + 1)U(1)1 + b U(1)2 for arbitrary b gives the correct hypercharge
for the Higgs and the left-handed quarks, because they are uncharged under the linear combination
2U(1)1 + U(1)2. To match states charged under this U(1) one needs to specify the value of b. It
would be interesting to see if, after Higgsing the particular linear combination of U(1)1/2 under which
Hu/d and Q are uncharged, the geometric spectrum can be embedded into the most general F-theory
compactification with only one abelian factor [53].
Finally, recall from section 5 that the top-combination III × B generically suffers from a non-
Kodaira point, which, at least as far as our current understanding of F-theory is concerned, must be
absent in order for the fibration to describe a well-defined vacuum.
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Table D.1: Possible matches for I×A
Matter spectrum Baryon- and Lepton number violation
possibility no. 1
a = 0, b = − 1
2
; (Hu, Hd) = (2
I
1,2
I
2)
heavy (ucR, d
c
R): (− ,3A4 )
light ucR: 3
A
2 ; light d
c
R: 3
A
3
heavy generations of (L, νcR, e
c
R):
(2
I
1,− ,1(5)), (2I2,1(2),1(3))
light νcR: 1
(2); light ecR: −
1µ: 1
(2)
α: (2
I
1,3
A
3 ) , (2
I
2,3
A
4 ) ; β: 3
A
2 3
A
4 3
A
3 ; δ: − ;
γ: 2
I
12
I
21
(5)
, 2I22
I
21
(3)
;
λ1: 2
I
1; λ3: − ; λ6: − ; λ8: 1(5); λ10: (3A3 )∗;
λ4: (3
A
2 ,1
(3)
); λ5: (2
I
1,2
I
1);
λ9: (3
A
2 , (2
I
2)
∗);
λ7: 3
A
2 (3
A
4 )
∗1
(3)
, 3
A
2 (3
A
3 )
∗1
(5)
;
λ2: 3
A
2 3
A
2 3
A
4 1
(5)
, 3
A
2 3
A
2 3
A
3 1
(3)
possibility no. 2
a = 1, b = 0; (Hu, Hd) = (2
I
1,2
I
2)
heavy (ucR, d
c
R): (− ,3A2 )
light ucR: 3
A
1 , 3
A
4 ; light d
c
R: 3
A
3 , 3
A
5
heavy generations of (L, νcR, e
c
R):
(2
I
1,− ,1(2)), (2I2,1(5),1(3)), (2I3,1(6),1(4))
light νcR: 1
(5)
, 1
(6)
; light ecR: 1
(1)
1µ: 1
(5)
α: (2
I
1,3
A
3 ) , (2
I
2,3
A
2 ) , (2
I
3,3
A
5 ) ; β: 3
A
1 3
A
3 3
A
5 ,
3
A
4 3
A
2 3
A
3 , 3
A
4 3
A
5 3
A
5 ; δ: 1
(5)
1(6)1(6), 1(5)1
(6)
1
(6)
;
γ: 2
I
12
I
21
(2), 2
I
12
I
31
(1), 2
I
22
I
21
(3), 2
I
22
I
31
(4), 2
I
32
I
31
(2);
λ1: 2
I
1; λ3: − ; λ6: − ; λ8: 1(2); λ10: (3A3 )∗;
λ4: (3
A
1 ,1
(4)), (3
A
4 ,1
(3)) ; λ5: (2
I
1,2
I
1);
λ9: (3
A
4 , (2
I
2)
∗), (3
A
1 , (2
I
3)
∗);
λ7: 3
A
1 (3
A
2 )
∗1(4), 3
A
1 (3
A
3 )
∗1(1), 3
A
1 (3
A
5 )
∗1(2),
3
A
4 (3
A
2 )
∗1(3), 3
A
4 (3
A
3 )
∗1(2), 3
A
4 (3
A
5 )
∗1(4);
λ2: 3
A
1 3
A
1 3
A
3 1
(2), 3
A
1 3
A
1 3
A
5 1
(1), 3
A
1 3
A
4 3
A
2 1
(1),
3
A
1 3
A
4 3
A
3 1
(4), 3
A
1 3
A
4 3
A
5 1
(2), 3
A
4 3
A
4 3
A
2 1
(2), 3
A
4 3
A
4 3
A
3 1
(3),
3
A
4 3
A
4 3
A
5 1
(4)
possibility no. 3
a = −1, b = −1; (Hu, Hd) = (2I1,2I3)
heavy (ucR, d
c
R): (− ,3A1 )
light ucR: 3
A
5 ; light d
c
R: 3
A
3
heavy generations of (L, νcR, e
c
R):
(2
I
1,− ,1(6)), (2I3,1(1),1(2))
light νcR: 1
(1); light ecR: −
1µ: 1
(1)
α: (2
I
1,3
A
3 ) , (2
I
3,3
A
1 ) ; β: 3
A
5 3
A
1 3
A
3 ; δ: − ;
γ: 2
I
12
I
31
(6)
, 2I32
I
31
(2)
;
λ1: 2
I
1; λ3: − ; λ6: − ; λ8: 1(6); λ10: (3A3 )∗;
λ4: (3
A
5 ,1
(2)
); λ5: (2
I
1,2
I
1);
λ9: (3
A
5 , (2
I
3)
∗);
λ7: 3
A
5 (3
A
1 )
∗1
(2)
, 3
A
5 (3
A
3 )
∗1
(6)
;
λ2: 3
A
5 3
A
5 3
A
1 1
(6)
, 3
A
5 3
A
5 3
A
3 1
(2)
possibility no. 4
a = 1, b = 0; (Hu, Hd) = (2
I
1,2
I
3)
heavy (ucR, d
c
R): (− ,3A5 )
light ucR: 3
A
1 , 3
A
4 ; light d
c
R: 3
A
2 , 3
A
3
heavy generations of (L, νcR, e
c
R):
(2
I
1,− ,1(1)), (2I2,1(5),1(4)), (2I3,1(6),1(2))
light νcR: 1
(5)
, 1
(6)
; light ecR: 1
(3)
1µ: 1
(6)
α: (2
I
1,3
A
3 ) , (2
I
2,3
A
2 ) , (2
I
3,3
A
5 ) ; β: 3
A
1 3
A
5 3
A
3 ,
3
A
4 3
A
5 3
A
5 , 3
A
4 3
A
2 3
A
3 ; δ: 1
(5)
1(6)1(6), 1(5)1
(6)
1
(6)
;
γ: 2
I
12
I
21
(2), 2
I
12
I
31
(1), 2
I
22
I
21
(3), 2
I
22
I
31
(4), 2
I
32
I
31
(2);
λ1: 2
I
1; λ3: − ; λ6: − ; λ8: 1(1); λ10: (3A3 )∗;
λ4: (3
A
1 ,1
(2)), (3
A
4 ,1
(4)) ; λ5: (2
I
1,2
I
1);
λ9: (3
A
4 , (2
I
2)
∗), (3
A
1 , (2
I
3)
∗);
λ7: 3
A
1 (3
A
5 )
∗1(2), 3
A
1 (3
A
2 )
∗1(4), 3
A
1 (3
A
3 )
∗1(1),
3
A
4 (3
A
5 )
∗1(4), 3
A
4 (3
A
2 )
∗1(3), 3
A
4 (3
A
3 )
∗1(2);
λ2: 3
A
1 3
A
1 3
A
5 1
(1), 3
A
1 3
A
1 3
A
3 1
(2), 3
A
1 3
A
4 3
A
5 1
(2),
3
A
1 3
A
4 3
A
2 1
(1), 3
A
1 3
A
4 3
A
3 1
(4), 3
A
4 3
A
4 3
A
5 1
(4), 3
A
4 3
A
4 3
A
2 1
(2),
3
A
4 3
A
4 3
A
3 1
(3)
Continued on next page
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Table D.1, Possible matches for I×A – continued from previous page
Matter spectrum Baryon- and Lepton number violation
possibility no. 5
a = 1, b = 0; (Hu, Hd) = (2
I
2,2
I
1)
heavy (ucR, d
c
R): (3
A
4 ,3
A
3 )
light ucR: 3
A
1 ; light d
c
R: 3
A
2 , 3
A
5
heavy generations of (L, νcR, e
c
R):
(2
I
1,1
(5)
,− ), (2I2,− ,1(2)), (2I3,1(6),1(1))
light νcR: 1
(5), 1(6); light ecR: 1
(3), 1(4)
1µ: 1
(5)
α: (2
I
1,3
A
3 ) , (2
I
2,3
A
2 ) , (2
I
3,3
A
5 ) ; β: 3
A
4 3
A
3 3
A
2 ,
3
A
4 3
A
5 3
A
5 , 3
A
1 3
A
3 3
A
5 ; δ: 1
(5)
1(6)1(6), 1(5)1
(6)
1
(6)
;
γ: 2
I
12
I
21
(2), 2
I
12
I
31
(1), 2
I
22
I
21
(3), 2
I
22
I
31
(4), 2
I
32
I
31
(2);
λ1: 2
I
1; λ3: X ; λ6: − ; λ8: 1(2); λ10: (3A3 )∗;
λ4: (3
A
4 ,1
(2)), (3
A
1 ,1
(1)) ; λ5: (2
I
2,2
I
2);
λ9: (3
A
4 , (2
I
2)
∗), (3
A
1 , (2
I
3)
∗);
λ7: 3
A
4 (3
A
3 )
∗1(2), 3
A
4 (3
A
2 )
∗1(3), 3
A
4 (3
A
5 )
∗1(4),
3
A
1 (3
A
3 )
∗1(1), 3
A
1 (3
A
2 )
∗1(4), 3
A
1 (3
A
5 )
∗1(2);
λ2: 3
A
4 3
A
4 3
A
3 1
(3), 3
A
4 3
A
4 3
A
2 1
(2), 3
A
4 3
A
4 3
A
5 1
(4),
3
A
4 3
A
1 3
A
3 1
(4), 3
A
4 3
A
1 3
A
2 1
(1), 3
A
4 3
A
1 3
A
5 1
(2), 3
A
1 3
A
1 3
A
3 1
(2),
3
A
1 3
A
1 3
A
5 1
(1)
possibility no. 6
a = 1, b = 0; (Hu, Hd) = (2
I
2,2
I
2)
heavy (ucR, d
c
R): (3
A
4 ,3
A
2 )
light ucR: 3
A
1 ; light d
c
R: 3
A
3 , 3
A
5
heavy generations of (L, νcR, e
c
R):
(2
I
1,1
(5)
,1(2)), (2
I
2,− ,1(3)), (2I3,1(6),1(4))
light νcR: 1
(5), 1(6); light ecR: 1
(1)
1µ: −
α: (2
I
1,3
A
3 ) , (2
I
2,3
A
2 ) , (2
I
3,3
A
5 ) ; β: 3
A
4 3
A
2 3
A
3 ,
3
A
4 3
A
5 3
A
5 , 3
A
1 3
A
3 3
A
5 ; δ: 1
(5)
1(6)1(6), 1(5)1
(6)
1
(6)
;
γ: 2
I
12
I
21
(2), 2
I
12
I
31
(1), 2
I
22
I
21
(3), 2
I
22
I
31
(4), 2
I
32
I
31
(2);
λ1: 2
I
1; λ3: − ; λ6: 2I1; λ8: 1(3); λ10: (3A3 )∗;
λ4: (3
A
4 ,1
(3)), (3
A
1 ,1
(4)) ; λ5: (2
I
2,2
I
2);
λ9: (3
A
4 , (2
I
2)
∗), (3
A
1 , (2
I
3)
∗);
λ7: 3
A
4 (3
A
2 )
∗1(3), 3
A
4 (3
A
3 )
∗1(2), 3
A
4 (3
A
5 )
∗1(4),
3
A
1 (3
A
2 )
∗1(4), 3
A
1 (3
A
3 )
∗1(1), 3
A
1 (3
A
5 )
∗1(2);
λ2: 3
A
4 3
A
4 3
A
2 1
(2), 3
A
4 3
A
4 3
A
3 1
(3), 3
A
4 3
A
4 3
A
5 1
(4),
3
A
4 3
A
1 3
A
2 1
(1), 3
A
4 3
A
1 3
A
3 1
(4), 3
A
4 3
A
1 3
A
5 1
(2), 3
A
1 3
A
1 3
A
3 1
(2),
3
A
1 3
A
1 3
A
5 1
(1)
possibility no. 7
a = 1, b = 0; (Hu, Hd) = (2
I
2,2
I
3)
heavy (ucR, d
c
R): (3
A
4 ,3
A
5 )
light ucR: 3
A
1 ; light d
c
R: 3
A
2 , 3
A
3
heavy generations of (L, νcR, e
c
R):
(2
I
1,1
(5)
,1(1)), (2
I
2,− ,1(4)), (2I3,1(6),1(2))
light νcR: 1
(5), 1(6); light ecR: 1
(3)
1µ: 1
(6)
α: (2
I
1,3
A
3 ) , (2
I
2,3
A
2 ) , (2
I
3,3
A
5 ) ; β: 3
A
4 3
A
5 3
A
5 ,
3
A
4 3
A
2 3
A
3 , 3
A
1 3
A
5 3
A
3 ; δ: 1
(5)
1(6)1(6), 1(5)1
(6)
1
(6)
;
γ: 2
I
12
I
21
(2), 2
I
12
I
31
(1), 2
I
22
I
21
(3), 2
I
22
I
31
(4), 2
I
32
I
31
(2);
λ1: 2
I
1; λ3: − ; λ6: − ; λ8: 1(4); λ10: (3A3 )∗;
λ4: (3
A
4 ,1
(4)), (3
A
1 ,1
(2)) ; λ5: (2
I
2,2
I
2);
λ9: (3
A
4 , (2
I
2)
∗), (3
A
1 , (2
I
3)
∗);
λ7: 3
A
4 (3
A
5 )
∗1(4), 3
A
4 (3
A
2 )
∗1(3), 3
A
4 (3
A
3 )
∗1(2),
3
A
1 (3
A
5 )
∗1(2), 3
A
1 (3
A
2 )
∗1(4), 3
A
1 (3
A
3 )
∗1(1);
λ2: 3
A
4 3
A
4 3
A
5 1
(4), 3
A
4 3
A
4 3
A
2 1
(2), 3
A
4 3
A
4 3
A
3 1
(3),
3
A
4 3
A
1 3
A
5 1
(2), 3
A
4 3
A
1 3
A
2 1
(1), 3
A
4 3
A
1 3
A
3 1
(4), 3
A
1 3
A
1 3
A
5 1
(1),
3
A
1 3
A
1 3
A
3 1
(2)
possibility no. 8
a = 0, b = − 1
2
; (Hu, Hd) = (2
I
2,2
I
1)
heavy (ucR, d
c
R): (3
A
2 ,3
A
3 )
light ucR: − ; light dcR: 3A4
heavy generations of (L, νcR, e
c
R):
(2
I
1,1
(2),− ), (2I2,− ,1(5))
light νcR: 1
(2)
; light ecR: 1
(3)
1µ: 1
(2)
α: (2
I
1,3
A
3 ) , (2
I
2,3
A
4 ) ; β: 3
A
2 3
A
3 3
A
4 ; δ: − ;
γ: 2
I
12
I
21
(5)
, 2I22
I
21
(3)
;
λ1: 2
I
1; λ3: X ; λ6: − ; λ8: 1(5); λ10: (3A3 )∗;
λ4: (3
A
2 ,1
(5)
); λ5: (2
I
2,2
I
2);
λ9: (3
A
2 , (2
I
2)
∗);
λ7: 3
A
2 (3
A
3 )
∗1
(5)
, 3
A
2 (3
A
4 )
∗1
(3)
;
λ2: 3
A
2 3
A
2 3
A
3 1
(3)
, 3
A
2 3
A
2 3
A
4 1
(5)
Continued on next page
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Table D.1, Possible matches for I×A – continued from previous page
Matter spectrum Baryon- and Lepton number violation
possibility no. 9
a = 0, b = − 1
2
; (Hu, Hd) = (2
I
2,2
I
2)
heavy (ucR, d
c
R): (3
A
2 ,3
A
4 )
light ucR: − ; light dcR: 3A3
heavy generations of (L, νcR, e
c
R):
(2
I
1,1
(2),1
(5)
), (2I2,− ,1(3))
light νcR: 1
(2)
; light ecR: −
1µ: −
α: (2
I
1,3
A
3 ) , (2
I
2,3
A
4 ) ; β: 3
A
2 3
A
4 3
A
3 ; δ: − ;
γ: 2
I
12
I
21
(5)
, 2I22
I
21
(3)
;
λ1: 2
I
1; λ3: − ; λ6: 2I1; λ8: 1(3); λ10: (3A3 )∗;
λ4: (3
A
2 ,1
(3)
); λ5: (2
I
2,2
I
2);
λ9: (3
A
2 , (2
I
2)
∗);
λ7: 3
A
2 (3
A
4 )
∗1
(3)
, 3
A
2 (3
A
3 )
∗1
(5)
;
λ2: 3
A
2 3
A
2 3
A
4 1
(5)
, 3
A
2 3
A
2 3
A
3 1
(3)
possibility no. 10
a = 1, b = 0; (Hu, Hd) = (2
I
3,2
I
1)
heavy (ucR, d
c
R): (3
A
1 ,3
A
3 )
light ucR: 3
A
4 ; light d
c
R: 3
A
2 , 3
A
5
heavy generations of (L, νcR, e
c
R):
(2
I
1,1
(6)
,− ), (2I2,1(6),1(2)), (2I3,− ,1(1))
light νcR: 1
(5), 1
(5)
; light ecR: 1
(3), 1(4)
1µ: 1
(6)
α: (2
I
1,3
A
3 ) , (2
I
2,3
A
2 ) , (2
I
3,3
A
5 ) ; β: 3
A
1 3
A
3 3
A
5 ,
3
A
4 3
A
3 3
A
2 , 3
A
4 3
A
5 3
A
5 ; δ: 1
(5)
1(6)1(6), 1(5)1
(6)
1
(6)
;
γ: 2
I
12
I
21
(2), 2
I
12
I
31
(1), 2
I
22
I
21
(3), 2
I
22
I
31
(4), 2
I
32
I
31
(2);
λ1: 2
I
1; λ3: X ; λ6: 2
I
1; λ8: 1
(1); λ10: (3
A
3 )
∗;
λ4: (3
A
1 ,1
(1)), (3
A
4 ,1
(2)) ; λ5: (2
I
1,2
I
2), (2
I
3,2
I
3);
λ9: (3
A
4 , (2
I
2)
∗), (3
A
1 , (2
I
3)
∗);
λ7: 3
A
1 (3
A
3 )
∗1(1), 3
A
1 (3
A
2 )
∗1(4), 3
A
1 (3
A
5 )
∗1(2),
3
A
4 (3
A
3 )
∗1(2), 3
A
4 (3
A
2 )
∗1(3), 3
A
4 (3
A
5 )
∗1(4);
λ2: 3
A
1 3
A
1 3
A
3 1
(2), 3
A
1 3
A
1 3
A
5 1
(1), 3
A
1 3
A
4 3
A
3 1
(4),
3
A
1 3
A
4 3
A
2 1
(1), 3
A
1 3
A
4 3
A
5 1
(2), 3
A
4 3
A
4 3
A
3 1
(3), 3
A
4 3
A
4 3
A
2 1
(2),
3
A
4 3
A
4 3
A
5 1
(4)
possibility no. 11
a = 1, b = 0; (Hu, Hd) = (2
I
3,2
I
2)
heavy (ucR, d
c
R): (3
A
1 ,3
A
2 )
light ucR: 3
A
4 ; light d
c
R: 3
A
3 , 3
A
5
heavy generations of (L, νcR, e
c
R):
(2
I
1,1
(6)
,1(2)), (2
I
2,1
(6),1(3)), (2
I
3,− ,1(4))
light νcR: 1
(5), 1
(5)
; light ecR: 1
(1)
1µ: 1
(6)
α: (2
I
1,3
A
3 ) , (2
I
2,3
A
2 ) , (2
I
3,3
A
5 ) ; β: 3
A
1 3
A
3 3
A
5 ,
3
A
4 3
A
2 3
A
3 , 3
A
4 3
A
5 3
A
5 ; δ: 1
(5)
1(6)1(6), 1(5)1
(6)
1
(6)
;
γ: 2
I
12
I
21
(2), 2
I
12
I
31
(1), 2
I
22
I
21
(3), 2
I
22
I
31
(4), 2
I
32
I
31
(2);
λ1: 2
I
1; λ3: − ; λ6: 2I1; λ8: 1(4); λ10: (3A3 )∗;
λ4: (3
A
1 ,1
(4)), (3
A
4 ,1
(3)) ; λ5: (2
I
1,2
I
2), (2
I
3,2
I
3);
λ9: (3
A
4 , (2
I
2)
∗), (3
A
1 , (2
I
3)
∗);
λ7: 3
A
1 (3
A
2 )
∗1(4), 3
A
1 (3
A
3 )
∗1(1), 3
A
1 (3
A
5 )
∗1(2),
3
A
4 (3
A
2 )
∗1(3), 3
A
4 (3
A
3 )
∗1(2), 3
A
4 (3
A
5 )
∗1(4);
λ2: 3
A
1 3
A
1 3
A
3 1
(2), 3
A
1 3
A
1 3
A
5 1
(1), 3
A
1 3
A
4 3
A
2 1
(1),
3
A
1 3
A
4 3
A
3 1
(4), 3
A
1 3
A
4 3
A
5 1
(2), 3
A
4 3
A
4 3
A
2 1
(2), 3
A
4 3
A
4 3
A
3 1
(3),
3
A
4 3
A
4 3
A
5 1
(4)
possibility no. 12
a = 1, b = 0; (Hu, Hd) = (2
I
3,2
I
3)
heavy (ucR, d
c
R): (3
A
1 ,3
A
5 )
light ucR: 3
A
4 ; light d
c
R: 3
A
2 , 3
A
3
heavy generations of (L, νcR, e
c
R):
(2
I
1,1
(6)
,1(1)), (2
I
2,1
(6),1(4)), (2
I
3,− ,1(2))
light νcR: 1
(5), 1
(5)
; light ecR: 1
(3)
1µ: −
α: (2
I
1,3
A
3 ) , (2
I
2,3
A
2 ) , (2
I
3,3
A
5 ) ; β: 3
A
1 3
A
5 3
A
3 ,
3
A
4 3
A
5 3
A
5 , 3
A
4 3
A
2 3
A
3 ; δ: 1
(5)
1(6)1(6), 1(5)1
(6)
1
(6)
;
γ: 2
I
12
I
21
(2), 2
I
12
I
31
(1), 2
I
22
I
21
(3), 2
I
22
I
31
(4), 2
I
32
I
31
(2);
λ1: 2
I
1; λ3: − ; λ6: 2I2; λ8: 1(2); λ10: (3A3 )∗;
λ4: (3
A
1 ,1
(2)), (3
A
4 ,1
(4)) ; λ5: (2
I
1,2
I
2), (2
I
3,2
I
3);
λ9: (3
A
4 , (2
I
2)
∗), (3
A
1 , (2
I
3)
∗);
λ7: 3
A
1 (3
A
5 )
∗1(2), 3
A
1 (3
A
2 )
∗1(4), 3
A
1 (3
A
3 )
∗1(1),
3
A
4 (3
A
5 )
∗1(4), 3
A
4 (3
A
2 )
∗1(3), 3
A
4 (3
A
3 )
∗1(2);
λ2: 3
A
1 3
A
1 3
A
5 1
(1), 3
A
1 3
A
1 3
A
3 1
(2), 3
A
1 3
A
4 3
A
5 1
(2),
3
A
1 3
A
4 3
A
2 1
(1), 3
A
1 3
A
4 3
A
3 1
(4), 3
A
4 3
A
4 3
A
5 1
(4), 3
A
4 3
A
4 3
A
2 1
(2),
3
A
4 3
A
4 3
A
3 1
(3)
Continued on next page
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Table D.1, Possible matches for I×A – continued from previous page
Matter spectrum Baryon- and Lepton number violation
possibility no. 13
a = −1, b = −1; (Hu, Hd) = (2I3,2I1)
heavy (ucR, d
c
R): (3
A
5 ,3
A
3 )
light ucR: − ; light dcR: 3A1
heavy generations of (L, νcR, e
c
R):
(2
I
1,1
(1),− ), (2I3,− ,1(6))
light νcR: 1
(1)
; light ecR: 1
(2)
1µ: 1
(1)
α: (2
I
1,3
A
3 ) , (2
I
3,3
A
1 ) ; β: 3
A
5 3
A
3 3
A
1 ; δ: − ;
γ: 2
I
12
I
31
(6)
, 2I32
I
31
(2)
;
λ1: 2
I
1; λ3: X ; λ6: − ; λ8: 1(6); λ10: (3A3 )∗;
λ4: (3
A
5 ,1
(6)
); λ5: (2
I
3,2
I
3);
λ9: (3
A
5 , (2
I
3)
∗);
λ7: 3
A
5 (3
A
3 )
∗1
(6)
, 3
A
5 (3
A
1 )
∗1
(2)
;
λ2: 3
A
5 3
A
5 3
A
3 1
(2)
, 3
A
5 3
A
5 3
A
1 1
(6)
possibility no. 14
a = −1, b = −1; (Hu, Hd) = (2I3,2I3)
heavy (ucR, d
c
R): (3
A
5 ,3
A
1 )
light ucR: − ; light dcR: 3A3
heavy generations of (L, νcR, e
c
R):
(2
I
1,1
(1),1
(6)
), (2I3,− ,1(2))
light νcR: 1
(1)
; light ecR: −
1µ: −
α: (2
I
1,3
A
3 ) , (2
I
3,3
A
1 ) ; β: 3
A
5 3
A
1 3
A
3 ; δ: − ;
γ: 2
I
12
I
31
(6)
, 2I32
I
31
(2)
;
λ1: 2
I
1; λ3: − ; λ6: 2I1; λ8: 1(2); λ10: (3A3 )∗;
λ4: (3
A
5 ,1
(2)
); λ5: (2
I
3,2
I
3);
λ9: (3
A
5 , (2
I
3)
∗);
λ7: 3
A
5 (3
A
1 )
∗1
(2)
, 3
A
5 (3
A
3 )
∗1
(6)
;
λ2: 3
A
5 3
A
5 3
A
1 1
(6)
, 3
A
5 3
A
5 3
A
3 1
(2)
Incomplete match
a = 2b+ 1; (Hu, Hd) = (2
I
1,2
I
1)
heavy dcR: 3
A
3
1µ: −
other states depend on value of b
λ3: X, λ10: X
other couplings depend on value of b
Table D.2: Possible matches for I× B
Matter spectrum Baryon- and Lepton number violation
possibility no. 1
a = 0, b = − 1
2
; (Hu, Hd) = (2
I
1,2
I
1)
heavy (ucR, d
c
R): (− ,3B2 )
light ucR: 3
B
1 ; light d
c
R: 3
B
4
heavy generations of (L, νcR, e
c
R):
(2
I
1,− ,− ), (2I2,1(2),1(5))
light νcR: 1
(2); light ecR: 1
(3)
1µ: −
α: (2
I
1,3
B
2 ) , (2
I
2,3
B
4 ) ; β: 3
B
1 3
B
4 3
B
4 ; δ: − ;
γ: 2
I
12
I
21
(5)
, 2I22
I
21
(3)
;
λ1: 2
I
1; λ3: − ; λ6: 2I1; λ8: − ; λ10: (3B4 )∗;
λ4: (3
B
1 ,1
(5)
); λ5: (2
I
1,2
I
1);
λ9: (3
B
1 , (2
I
2)
∗);
λ7: 3
B
1 (3
B
2 )
∗1
(5)
, 3
B
1 (3
B
4 )
∗1
(3)
;
λ2: 3
B
1 3
B
1 3
B
4 1
(3)
possibility no. 2
a = 0, b = − 1
2
; (Hu, Hd) = (2
I
1,2
I
2)
heavy (ucR, d
c
R): (− ,3B4 )
light ucR: 3
B
1 ; light d
c
R: 3
B
2
heavy generations of (L, νcR, e
c
R):
(2
I
1,− ,1(5)), (2I2,1(2),1(3))
light νcR: 1
(2); light ecR: −
1µ: 1
(2)
α: (2
I
1,3
B
2 ) , (2
I
2,3
B
4 ) ; β: 3
B
1 3
B
4 3
B
4 ; δ: − ;
γ: 2
I
12
I
21
(5)
, 2I22
I
21
(3)
;
λ1: 2
I
1; λ3: X ; λ6: − ; λ8: 1(5); λ10: (3B4 )∗;
λ4: (3
B
1 ,1
(3)
); λ5: (2
I
1,2
I
1);
λ9: (3
B
1 , (2
I
2)
∗);
λ7: 3
B
1 (3
B
4 )
∗1
(3)
, 3
B
1 (3
B
2 )
∗1
(5)
;
λ2: 3
B
1 3
B
1 3
B
4 1
(3)
Continued on next page
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Table D.2, Possible matches for I× B – continued from previous page
Matter spectrum Baryon- and Lepton number violation
possibility no. 3
a = −1, b = 0; (Hu, Hd) = (2I1,2I1)
heavy (ucR, d
c
R): (3
B
2 ,− )
light ucR: 3
B
1 , 3
B
3 ; light d
c
R: 3
B
4 , 3
B
5
heavy generations of (L, νcR, e
c
R):
(2I1,− ,− ), (2I2,1(5),1(2)), (2I3,1(6),1(1))
light νcR: 1
(5), 1(6); light ecR: 1
(3)
, 1
(4)
1µ: −
α: (2I2,3
B
4 ) , (2
I
3,3
B
5 ) ; β: 3
B
2 3
B
5 3
B
5 , 3
B
1 3
B
4 3
B
4 , 3
B
3 3
B
4 3
B
5 ;
δ: 1
(5)
1(6)1(6), 1(5)1
(6)
1
(6)
;
γ: 2I12
I
21
(2)
, 2I12
I
31
(1)
, 2I22
I
21
(3)
, 2I22
I
31
(4)
, 2I32
I
31
(2)
;
λ1: 2
I
1; λ3: − ; λ6: 2I1; λ8: − ; λ10: (3B4 )∗;
λ4: (3
B
1 ,1
(2)
), (3
B
3 ,1
(1)
) ; λ5: (2
I
1,2
I
1);
λ9: (3
B
2 , (2
I
1)
∗), (3
B
1 , (2
I
2)
∗), (3
B
3 , (2
I
3)
∗);
λ7: 3
B
2 (3
B
4 )
∗1
(2)
, 3
B
2 (3
B
5 )
∗1
(1)
, 3
B
1 (3
B
4 )
∗1
(3)
,
3
B
1 (3
B
5 )
∗1
(4)
, 3
B
3 (3
B
4 )
∗1
(4)
, 3
B
3 (3
B
5 )
∗1
(2)
;
λ2: 3
B
2 3
B
2 3
B
5 1
(1)
, 3
B
2 3
B
1 3
B
4 1
(2)
, 3
B
2 3
B
1 3
B
5 1
(4)
,
3
B
2 3
B
3 3
B
4 1
(1)
, 3
B
2 3
B
3 3
B
5 1
(2)
, 3
B
1 3
B
1 3
B
4 1
(3)
, 3
B
1 3
B
3 3
B
4 1
(4)
,
3
B
1 3
B
3 3
B
5 1
(3)
, 3
B
3 3
B
3 3
B
4 1
(2)
, 3
B
3 3
B
3 3
B
5 1
(4)
possibility no. 4
a = −1, b = 0; (Hu, Hd) = (2I1,2I2)
heavy (ucR, d
c
R): (3
B
2 ,3
B
4 )
light ucR: 3
B
1 , 3
B
3 ; light d
c
R: 3
B
5
heavy generations of (L, νcR, e
c
R):
(2I1,− ,1(2)), (2I2,1(5),1(3)), (2I3,1(6),1(4))
light νcR: 1
(5), 1(6); light ecR: 1
(1)
1µ: 1
(5)
α: (2I2,3
B
4 ) , (2
I
3,3
B
5 ) ; β: 3
B
2 3
B
5 3
B
5 , 3
B
1 3
B
4 3
B
4 , 3
B
3 3
B
4 3
B
5 ;
δ: 1
(5)
1(6)1(6), 1(5)1
(6)
1
(6)
;
γ: 2I12
I
21
(2)
, 2I12
I
31
(1)
, 2I22
I
21
(3)
, 2I22
I
31
(4)
, 2I32
I
31
(2)
;
λ1: 2
I
1; λ3: X ; λ6: − ; λ8: 1(2); λ10: (3B4 )∗;
λ4: (3
B
2 ,1
(2)
), (3
B
1 ,1
(3)
) , (3
B
3 ,1
(4)
) ; λ5: (2
I
1,2
I
1);
λ9: (3
B
2 , (2
I
1)
∗), (3
B
1 , (2
I
2)
∗), (3
B
3 , (2
I
3)
∗);
λ7: 3
B
2 (3
B
4 )
∗1
(2)
, 3
B
2 (3
B
5 )
∗1
(1)
, 3
B
1 (3
B
4 )
∗1
(3)
,
3
B
1 (3
B
5 )
∗1
(4)
, 3
B
3 (3
B
4 )
∗1
(4)
, 3
B
3 (3
B
5 )
∗1
(2)
;
λ2: 3
B
2 3
B
2 3
B
5 1
(1)
, 3
B
2 3
B
1 3
B
4 1
(2)
, 3
B
2 3
B
1 3
B
5 1
(4)
,
3
B
2 3
B
3 3
B
4 1
(1)
, 3
B
2 3
B
3 3
B
5 1
(2)
, 3
B
1 3
B
1 3
B
4 1
(3)
, 3
B
1 3
B
3 3
B
4 1
(4)
,
3
B
1 3
B
3 3
B
5 1
(3)
, 3
B
3 3
B
3 3
B
4 1
(2)
, 3
B
3 3
B
3 3
B
5 1
(4)
possibility no. 5
a = −1, b = 0; (Hu, Hd) = (2I1,2I3)
heavy (ucR, d
c
R): (3
B
2 ,3
B
5 )
light ucR: 3
B
1 , 3
B
3 ; light d
c
R: 3
B
4
heavy generations of (L, νcR, e
c
R):
(2I1,− ,1(1)), (2I2,1(5),1(4)), (2I3,1(6),1(2))
light νcR: 1
(5), 1(6); light ecR: 1
(3)
1µ: 1
(6)
α: (2I2,3
B
4 ) , (2
I
3,3
B
5 ) ; β: 3
B
2 3
B
5 3
B
5 , 3
B
1 3
B
4 3
B
4 , 3
B
3 3
B
5 3
B
4 ;
δ: 1
(5)
1(6)1(6), 1(5)1
(6)
1
(6)
;
γ: 2I12
I
21
(2)
, 2I12
I
31
(1)
, 2I22
I
21
(3)
, 2I22
I
31
(4)
, 2I32
I
31
(2)
;
λ1: 2
I
1; λ3: − ; λ6: − ; λ8: 1(1); λ10: (3B4 )∗;
λ4: (3
B
2 ,1
(1)
), (3
B
1 ,1
(4)
) , (3
B
3 ,1
(2)
) ; λ5: (2
I
1,2
I
1);
λ9: (3
B
2 , (2
I
1)
∗), (3
B
1 , (2
I
2)
∗), (3
B
3 , (2
I
3)
∗);
λ7: 3
B
2 (3
B
5 )
∗1
(1)
, 3
B
2 (3
B
4 )
∗1
(2)
, 3
B
1 (3
B
5 )
∗1
(4)
,
3
B
1 (3
B
4 )
∗1
(3)
, 3
B
3 (3
B
5 )
∗1
(2)
, 3
B
3 (3
B
4 )
∗1
(4)
;
λ2: 3
B
2 3
B
2 3
B
5 1
(1)
, 3
B
2 3
B
1 3
B
5 1
(4)
, 3
B
2 3
B
1 3
B
4 1
(2)
,
3
B
2 3
B
3 3
B
5 1
(2)
, 3
B
2 3
B
3 3
B
4 1
(1)
, 3
B
1 3
B
1 3
B
4 1
(3)
, 3
B
1 3
B
3 3
B
5 1
(3)
,
3
B
1 3
B
3 3
B
4 1
(4)
, 3
B
3 3
B
3 3
B
5 1
(4)
, 3
B
3 3
B
3 3
B
4 1
(2)
possibility no. 6
a = −1, b = 0; (Hu, Hd) = (2I2,2I1)
heavy (ucR, d
c
R): (3
B
1 ,− )
light ucR: 3
B
2 , 3
B
3 ; light d
c
R: 3
B
4 , 3
B
5
heavy generations of (L, νcR, e
c
R):
(2I1,1
(5),− ), (2I2,− ,1(2)), (2I3,1(6),1(1))
light νcR: 1
(5)
, 1
(6)
; light ecR: 1
(3)
, 1
(4)
1µ: 1
(5)
α: (2I2,3
B
4 ) , (2
I
3,3
B
5 ) ; β: 3
B
1 3
B
4 3
B
4 , 3
B
2 3
B
5 3
B
5 , 3
B
3 3
B
4 3
B
5 ;
δ: 1
(5)
1(6)1(6), 1(5)1
(6)
1
(6)
;
γ: 2I12
I
21
(2)
, 2I12
I
31
(1)
, 2I22
I
21
(3)
, 2I22
I
31
(4)
, 2I32
I
31
(2)
;
λ1: 2
I
1; λ3: − ; λ6: − ; λ8: 1(2); λ10: (3B4 )∗;
λ4: (3
B
1 ,1
(2)
), (3
B
3 ,1
(1)
) ; λ5: (2
I
2,2
I
2);
λ9: (3
B
2 , (2
I
1)
∗), (3
B
1 , (2
I
2)
∗), (3
B
3 , (2
I
3)
∗);
λ7: 3
B
1 (3
B
4 )
∗1
(3)
, 3
B
1 (3
B
5 )
∗1
(4)
, 3
B
2 (3
B
4 )
∗1
(2)
,
3
B
2 (3
B
5 )
∗1
(1)
, 3
B
3 (3
B
4 )
∗1
(4)
, 3
B
3 (3
B
5 )
∗1
(2)
;
λ2: 3
B
1 3
B
1 3
B
4 1
(3)
, 3
B
1 3
B
2 3
B
4 1
(2)
, 3
B
1 3
B
2 3
B
5 1
(4)
,
3
B
1 3
B
3 3
B
4 1
(4)
, 3
B
1 3
B
3 3
B
5 1
(3)
, 3
B
2 3
B
2 3
B
5 1
(1)
, 3
B
2 3
B
3 3
B
4 1
(1)
,
3
B
2 3
B
3 3
B
5 1
(2)
, 3
B
3 3
B
3 3
B
4 1
(2)
, 3
B
3 3
B
3 3
B
5 1
(4)
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Table D.2, Possible matches for I× B – continued from previous page
Matter spectrum Baryon- and Lepton number violation
possibility no. 7
a = 0, b = − 1
2
; (Hu, Hd) = (2
I
2,2
I
1)
heavy (ucR, d
c
R): (3
B
1 ,3
B
2 )
light ucR: − ; light dcR: 3B4
heavy generations of (L, νcR, e
c
R):
(2
I
1,1
(2),− ), (2I2,− ,1(5))
light νcR: 1
(2)
; light ecR: 1
(3)
1µ: 1
(2)
α: (2
I
1,3
B
2 ) , (2
I
2,3
B
4 ) ; β: 3
B
1 3
B
4 3
B
4 ; δ: − ;
γ: 2
I
12
I
21
(5)
, 2I22
I
21
(3)
;
λ1: 2
I
1; λ3: − ; λ6: − ; λ8: 1(5); λ10: (3B4 )∗;
λ4: (3
B
1 ,1
(5)
); λ5: (2
I
2,2
I
2);
λ9: (3
B
1 , (2
I
2)
∗);
λ7: 3
B
1 (3
B
2 )
∗1
(5)
, 3
B
1 (3
B
4 )
∗1
(3)
;
λ2: 3
B
1 3
B
1 3
B
4 1
(3)
possibility no. 8
a = −1, b = 0; (Hu, Hd) = (2I2,2I3)
heavy (ucR, d
c
R): (3
B
1 ,3
B
5 )
light ucR: 3
B
2 , 3
B
3 ; light d
c
R: 3
B
4
heavy generations of (L, νcR, e
c
R):
(2I1,1
(5),1
(1)
), (2I2,− ,1(4)), (2I3,1(6),1(2))
light νcR: 1
(5)
, 1
(6)
; light ecR: 1
(3)
1µ: 1
(6)
α: (2I2,3
B
4 ) , (2
I
3,3
B
5 ) ; β: 3
B
1 3
B
4 3
B
4 , 3
B
2 3
B
5 3
B
5 , 3
B
3 3
B
5 3
B
4 ;
δ: 1
(5)
1(6)1(6), 1(5)1
(6)
1
(6)
;
γ: 2I12
I
21
(2)
, 2I12
I
31
(1)
, 2I22
I
21
(3)
, 2I22
I
31
(4)
, 2I32
I
31
(2)
;
λ1: 2
I
1; λ3: − ; λ6: − ; λ8: 1(4); λ10: (3B4 )∗;
λ4: (3
B
1 ,1
(4)
), (3
B
2 ,1
(1)
) , (3
B
3 ,1
(2)
) ; λ5: (2
I
2,2
I
2);
λ9: (3
B
2 , (2
I
1)
∗), (3
B
1 , (2
I
2)
∗), (3
B
3 , (2
I
3)
∗);
λ7: 3
B
1 (3
B
5 )
∗1
(4)
, 3
B
1 (3
B
4 )
∗1
(3)
, 3
B
2 (3
B
5 )
∗1
(1)
,
3
B
2 (3
B
4 )
∗1
(2)
, 3
B
3 (3
B
5 )
∗1
(2)
, 3
B
3 (3
B
4 )
∗1
(4)
;
λ2: 3
B
1 3
B
1 3
B
4 1
(3)
, 3
B
1 3
B
2 3
B
5 1
(4)
, 3
B
1 3
B
2 3
B
4 1
(2)
,
3
B
1 3
B
3 3
B
5 1
(3)
, 3
B
1 3
B
3 3
B
4 1
(4)
, 3
B
2 3
B
2 3
B
5 1
(1)
, 3
B
2 3
B
3 3
B
5 1
(2)
,
3
B
2 3
B
3 3
B
4 1
(1)
, 3
B
3 3
B
3 3
B
5 1
(4)
, 3
B
3 3
B
3 3
B
4 1
(2)
possibility no. 9
a = 1, b = −1; (Hu, Hd) = (2I2,2I3)
heavy (ucR, d
c
R): (3
B
1 ,3
B
3 )
light ucR: 3
B
5 ; light d
c
R: 3
B
4
heavy generations of (L, νcR, e
c
R):
(2I2,− ,1(6)), (2I3,1(4),1(2))
light νcR: 1
(4)
; light ecR: 1
(3)
1µ: 1
(4)
α: (2I2,3
B
4 ) , (2
I
3,3
B
3 ) ; β: 3
B
1 3
B
4 3
B
4 , 3
B
5 3
B
3 3
B
4 ; δ: − ;
γ: 2I22
I
21
(3)
, 2I22
I
31
(6)
, 2
I
32
I
31
(2);
λ1: 2
I
1; λ3: − ; λ6: − ; λ8: 1(6); λ10: (3B4 )∗;
λ4: (3
B
1 ,1
(6)
), (3
B
5 ,1
(2)) ; λ5: (2
I
2,2
I
2);
λ9: (3
B
1 , (2
I
2)
∗), (3
B
5 , (2
I
3)
∗);
λ7: 3
B
1 (3
B
3 )
∗1
(6)
, 3
B
1 (3
B
4 )
∗1
(3)
, 3
B
5 (3
B
3 )
∗1(2),
3
B
5 (3
B
4 )
∗1
(6)
;
λ2: 3
B
1 3
B
1 3
B
4 1
(3)
, 3
B
1 3
B
5 3
B
3 1
(3)
, 3
B
1 3
B
5 3
B
4 1
(6)
,
3
B
5 3
B
5 3
B
3 1
(6)
, 3
B
5 3
B
5 3
B
4 1
(2)
possibility no. 10
a = 1, b = −1; (Hu, Hd) = (2I3,2I2)
heavy (ucR, d
c
R): (3
B
5 ,3
B
4 )
light ucR: 3
B
1 ; light d
c
R: 3
B
3
heavy generations of (L, νcR, e
c
R):
(2I2,1
(4)
,1
(3)
), (2
I
3,− ,1(6))
light νcR: 1
(4); light ecR: 1
(2)
1µ: 1
(4)
α: (2I2,3
B
4 ) , (2
I
3,3
B
3 ) ; β: 3
B
5 3
B
4 3
B
3 , 3
B
1 3
B
4 3
B
4 ; δ: − ;
γ: 2I22
I
21
(3)
, 2I22
I
31
(6)
, 2
I
32
I
31
(2);
λ1: 2
I
1; λ3: X ; λ6: − ; λ8: 1(6); λ10: (3B4 )∗;
λ4: (3
B
5 ,1
(6)
), (3
B
1 ,1
(3)
) ; λ5: (2
I
3,2
I
3);
λ9: (3
B
1 , (2
I
2)
∗), (3
B
5 , (2
I
3)
∗);
λ7: 3
B
5 (3
B
4 )
∗1
(6)
, 3
B
5 (3
B
3 )
∗1(2), 3
B
1 (3
B
4 )
∗1
(3)
,
3
B
1 (3
B
3 )
∗1
(6)
;
λ2: 3
B
5 3
B
5 3
B
4 1
(2), 3
B
5 3
B
5 3
B
3 1
(6)
, 3
B
5 3
B
1 3
B
4 1
(6)
,
3
B
5 3
B
1 3
B
3 1
(3)
, 3
B
1 3
B
1 3
B
4 1
(3)
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Table D.2, Possible matches for I× B – continued from previous page
Matter spectrum Baryon- and Lepton number violation
possibility no. 11
a = 1, b = −1; (Hu, Hd) = (2I3,2I3)
heavy (ucR, d
c
R): (3
B
5 ,3
B
3 )
light ucR: 3
B
1 ; light d
c
R: 3
B
4
heavy generations of (L, νcR, e
c
R):
(2I2,1
(4)
,1
(6)
), (2
I
3,− ,1(2))
light νcR: 1
(4); light ecR: 1
(3)
1µ: −
α: (2I2,3
B
4 ) , (2
I
3,3
B
3 ) ; β: 3
B
5 3
B
3 3
B
4 , 3
B
1 3
B
4 3
B
4 ; δ: − ;
γ: 2I22
I
21
(3)
, 2I22
I
31
(6)
, 2
I
32
I
31
(2);
λ1: 2
I
1; λ3: − ; λ6: 2I1; λ8: 1(2); λ10: (3B4 )∗;
λ4: (3
B
5 ,1
(2)), (3
B
1 ,1
(6)
) ; λ5: (2
I
3,2
I
3);
λ9: (3
B
1 , (2
I
2)
∗), (3
B
5 , (2
I
3)
∗);
λ7: 3
B
5 (3
B
3 )
∗1(2), 3
B
5 (3
B
4 )
∗1
(6)
, 3
B
1 (3
B
3 )
∗1
(6)
,
3
B
1 (3
B
4 )
∗1
(3)
;
λ2: 3
B
5 3
B
5 3
B
3 1
(6)
, 3
B
5 3
B
5 3
B
4 1
(2), 3
B
5 3
B
1 3
B
3 1
(3)
,
3
B
5 3
B
1 3
B
4 1
(6)
, 3
B
1 3
B
1 3
B
4 1
(3)
possibility no. 12
a = −1, b = 0; (Hu, Hd) = (2I3,2I1)
heavy (ucR, d
c
R): (3
B
3 ,− )
light ucR: 3
B
1 , 3
B
2 ; light d
c
R: 3
B
4 , 3
B
5
heavy generations of (L, νcR, e
c
R):
(2I1,1
(6),− ), (2I2,1(6),1(2)), (2I3,− ,1(1))
light νcR: 1
(5), 1
(5)
; light ecR: 1
(3)
, 1
(4)
1µ: 1
(6)
α: (2I2,3
B
4 ) , (2
I
3,3
B
5 ) ; β: 3
B
3 3
B
4 3
B
5 , 3
B
1 3
B
4 3
B
4 , 3
B
2 3
B
5 3
B
5 ;
δ: 1
(5)
1(6)1(6), 1(5)1
(6)
1
(6)
;
γ: 2I12
I
21
(2)
, 2I12
I
31
(1)
, 2I22
I
21
(3)
, 2I22
I
31
(4)
, 2I32
I
31
(2)
;
λ1: 2
I
1; λ3: − ; λ6: 2I1; λ8: 1(1); λ10: (3B4 )∗;
λ4: (3
B
3 ,1
(1)
), (3
B
1 ,1
(2)
) ; λ5: (2
I
1,2
I
2), (2
I
3,2
I
3);
λ9: (3
B
2 , (2
I
1)
∗), (3
B
1 , (2
I
2)
∗), (3
B
3 , (2
I
3)
∗);
λ7: 3
B
3 (3
B
4 )
∗1
(4)
, 3
B
3 (3
B
5 )
∗1
(2)
, 3
B
1 (3
B
4 )
∗1
(3)
,
3
B
1 (3
B
5 )
∗1
(4)
, 3
B
2 (3
B
4 )
∗1
(2)
, 3
B
2 (3
B
5 )
∗1
(1)
;
λ2: 3
B
3 3
B
3 3
B
4 1
(2)
, 3
B
3 3
B
3 3
B
5 1
(4)
, 3
B
3 3
B
1 3
B
4 1
(4)
,
3
B
3 3
B
1 3
B
5 1
(3)
, 3
B
3 3
B
2 3
B
4 1
(1)
, 3
B
3 3
B
2 3
B
5 1
(2)
, 3
B
1 3
B
1 3
B
4 1
(3)
,
3
B
1 3
B
2 3
B
4 1
(2)
, 3
B
1 3
B
2 3
B
5 1
(4)
, 3
B
2 3
B
2 3
B
5 1
(1)
possibility no. 13
a = −1, b = 0; (Hu, Hd) = (2I3,2I2)
heavy (ucR, d
c
R): (3
B
3 ,3
B
4 )
light ucR: 3
B
1 , 3
B
2 ; light d
c
R: 3
B
5
heavy generations of (L, νcR, e
c
R):
(2I1,1
(6),1
(2)
), (2I2,1
(6)
,1
(3)
), (2I3,− ,1(4))
light νcR: 1
(5), 1
(5)
; light ecR: 1
(1)
1µ: 1
(6)
α: (2I2,3
B
4 ) , (2
I
3,3
B
5 ) ; β: 3
B
3 3
B
4 3
B
5 , 3
B
1 3
B
4 3
B
4 , 3
B
2 3
B
5 3
B
5 ;
δ: 1
(5)
1(6)1(6), 1(5)1
(6)
1
(6)
;
γ: 2I12
I
21
(2)
, 2I12
I
31
(1)
, 2I22
I
21
(3)
, 2I22
I
31
(4)
, 2I32
I
31
(2)
;
λ1: 2
I
1; λ3: X ; λ6: 2I1; λ8: 1
(4)
; λ10: (3
B
4 )
∗;
λ4: (3
B
3 ,1
(4)
), (3
B
1 ,1
(3)
) , (3
B
2 ,1
(2)
) ; λ5: (2
I
1,2
I
2),
(2I3,2
I
3);
λ9: (3
B
2 , (2
I
1)
∗), (3
B
1 , (2
I
2)
∗), (3
B
3 , (2
I
3)
∗);
λ7: 3
B
3 (3
B
4 )
∗1
(4)
, 3
B
3 (3
B
5 )
∗1
(2)
, 3
B
1 (3
B
4 )
∗1
(3)
,
3
B
1 (3
B
5 )
∗1
(4)
, 3
B
2 (3
B
4 )
∗1
(2)
, 3
B
2 (3
B
5 )
∗1
(1)
;
λ2: 3
B
3 3
B
3 3
B
4 1
(2)
, 3
B
3 3
B
3 3
B
5 1
(4)
, 3
B
3 3
B
1 3
B
4 1
(4)
,
3
B
3 3
B
1 3
B
5 1
(3)
, 3
B
3 3
B
2 3
B
4 1
(1)
, 3
B
3 3
B
2 3
B
5 1
(2)
, 3
B
1 3
B
1 3
B
4 1
(3)
,
3
B
1 3
B
2 3
B
4 1
(2)
, 3
B
1 3
B
2 3
B
5 1
(4)
, 3
B
2 3
B
2 3
B
5 1
(1)
possibility no. 14
a = −1, b = 0; (Hu, Hd) = (2I3,2I3)
heavy (ucR, d
c
R): (3
B
3 ,3
B
5 )
light ucR: 3
B
1 , 3
B
2 ; light d
c
R: 3
B
4
heavy generations of (L, νcR, e
c
R):
(2I1,1
(6),1
(1)
), (2I2,1
(6)
,1
(4)
), (2I3,− ,1(2))
light νcR: 1
(5), 1
(5)
; light ecR: 1
(3)
1µ: −
α: (2I2,3
B
4 ) , (2
I
3,3
B
5 ) ; β: 3
B
3 3
B
5 3
B
4 , 3
B
1 3
B
4 3
B
4 , 3
B
2 3
B
5 3
B
5 ;
δ: 1
(5)
1(6)1(6), 1(5)1
(6)
1
(6)
;
γ: 2I12
I
21
(2)
, 2I12
I
31
(1)
, 2I22
I
21
(3)
, 2I22
I
31
(4)
, 2I32
I
31
(2)
;
λ1: 2
I
1; λ3: − ; λ6: 2I2; λ8: 1(2); λ10: (3B4 )∗;
λ4: (3
B
3 ,1
(2)
), (3
B
1 ,1
(4)
) , (3
B
2 ,1
(1)
) ; λ5: (2
I
1,2
I
2),
(2I3,2
I
3);
λ9: (3
B
2 , (2
I
1)
∗), (3
B
1 , (2
I
2)
∗), (3
B
3 , (2
I
3)
∗);
λ7: 3
B
3 (3
B
5 )
∗1
(2)
, 3
B
3 (3
B
4 )
∗1
(4)
, 3
B
1 (3
B
5 )
∗1
(4)
,
3
B
1 (3
B
4 )
∗1
(3)
, 3
B
2 (3
B
5 )
∗1
(1)
, 3
B
2 (3
B
4 )
∗1
(2)
;
λ2: 3
B
3 3
B
3 3
B
5 1
(4)
, 3
B
3 3
B
3 3
B
4 1
(2)
, 3
B
3 3
B
1 3
B
5 1
(3)
,
3
B
3 3
B
1 3
B
4 1
(4)
, 3
B
3 3
B
2 3
B
5 1
(2)
, 3
B
3 3
B
2 3
B
4 1
(1)
, 3
B
1 3
B
1 3
B
4 1
(3)
,
3
B
1 3
B
2 3
B
5 1
(4)
, 3
B
1 3
B
2 3
B
4 1
(2)
, 3
B
2 3
B
2 3
B
5 1
(1)
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Table D.2, Possible matches for I× B – continued from previous page
Matter spectrum Baryon- and Lepton number violation
Incomplete match
a = −2b− 1; (Hu, Hd) = (2I2,2I2)
heavy (ucR, d
c
R): (3
B
1 ,3
B
4 )
ecR: 1
(3)
1µ: −
other states depend on value of b
β: X, λ2: X, λ3: X, λ4: X, λ7: X, λ8: X, λ10: X
other couplings depend on value of b
Table D.3: Possible matches for I× C
Matter spectrum Baryon- and Lepton number violation
possibility no. 1
a = −1, b = −1; (Hu, Hd) = (2I1,2I1)
heavy (ucR, d
c
R): (3
C
2 ,− )
light ucR: 3
C
4 ; light d
c
R: 3
C
5
heavy generations of (L, νcR, e
c
R):
(2
I
1,− ,− ), (2I3,1(1),1(6))
light νcR: 1
(1); light ecR: 1
(2)
1µ: −
α: (2I3,3
C
5 ) ; β: 3
C
4 3
C
5 3
C
5 ; δ: − ;
γ: 2
I
12
I
31
(6)
, 2I32
I
31
(2)
;
λ1: 2
I
1; λ3: − ; λ6: 2I1; λ8: − ; λ10: (3C5 )∗;
λ4: (3
C
4 ,1
(6)
); λ5: (2
I
1,2
I
1);
λ9: (3
C
2 , (2
I
1)
∗), (3
C
4 , (2
I
3)
∗);
λ7: 3
C
2 (3
C
5 )
∗1
(6)
, 3
C
4 (3
C
5 )
∗1
(2)
;
λ2: 3
C
2 3
C
4 3
C
5 1
(6)
, 3
C
4 3
C
4 3
C
5 1
(2)
possibility no. 2
a = −1, b = −1; (Hu, Hd) = (2I1,2I3)
heavy (ucR, d
c
R): (3
C
2 ,3
C
5 )
light ucR: 3
C
4 ; light d
c
R: −
heavy generations of (L, νcR, e
c
R):
(2
I
1,− ,1(6)), (2I3,1(1),1(2))
light νcR: 1
(1); light ecR: −
1µ: 1
(1)
α: (2I3,3
C
5 ) ; β: 3
C
4 3
C
5 3
C
5 ; δ: − ;
γ: 2
I
12
I
31
(6)
, 2I32
I
31
(2)
;
λ1: 2
I
1; λ3: X ; λ6: − ; λ8: 1(6); λ10: (3C5 )∗;
λ4: (3
C
2 ,1
(6)
), (3
C
4 ,1
(2)
) ; λ5: (2
I
1,2
I
1);
λ9: (3
C
2 , (2
I
1)
∗), (3
C
4 , (2
I
3)
∗);
λ7: 3
C
2 (3
C
5 )
∗1
(6)
, 3
C
4 (3
C
5 )
∗1
(2)
;
λ2: 3
C
2 3
C
4 3
C
5 1
(6)
, 3
C
4 3
C
4 3
C
5 1
(2)
possibility no. 3
a = −1, b = 0; (Hu, Hd) = (2I1,2I1)
heavy (ucR, d
c
R): (− ,3C2 )
light ucR: 3
C
1 , 3
C
4 ; light d
c
R: 3
C
3 , 3
C
5
heavy generations of (L, νcR, e
c
R):
(2I1,− ,− ), (2I2,1(5),1(2)), (2I3,1(6),1(1))
light νcR: 1
(5), 1(6); light ecR: 1
(3)
, 1
(4)
1µ: −
α: (2I1,3
C
2 ) , (2
I
2,3
C
3 ) , (2
I
3,3
C
5 ) ; β: 3
C
1 3
C
3 3
C
5 ,
3
C
4 3
C
2 3
C
3 , 3
C
4 3
C
5 3
C
5 ; δ: 1
(5)
1(6)1(6), 1(5)1
(6)
1
(6)
;
γ: 2I12
I
21
(2)
, 2I12
I
31
(1)
, 2I22
I
21
(3)
, 2I22
I
31
(4)
, 2I32
I
31
(2)
;
λ1: 2
I
2; λ3: − ; λ6: 2I1; λ8: − ; λ10: (3C5 )∗;
λ4: (3
C
1 ,1
(2)
), (3
C
4 ,1
(1)
) ; λ5: (2
I
1,2
I
1);
λ9: (3
C
1 , (2
I
2)
∗), (3
C
4 , (2
I
3)
∗);
λ7: 3
C
1 (3
C
2 )
∗1
(2)
, 3
C
1 (3
C
3 )
∗1
(3)
, 3
C
1 (3
C
5 )
∗1
(4)
,
3
C
4 (3
C
2 )
∗1
(1)
, 3
C
4 (3
C
3 )
∗1
(4)
, 3
C
4 (3
C
5 )
∗1
(2)
;
λ2: 3
C
1 3
C
1 3
C
3 1
(4)
, 3
C
1 3
C
1 3
C
5 1
(3)
, 3
C
1 3
C
4 3
C
2 1
(3)
,
3
C
1 3
C
4 3
C
3 1
(2)
, 3
C
1 3
C
4 3
C
5 1
(4)
, 3
C
4 3
C
4 3
C
2 1
(4)
, 3
C
4 3
C
4 3
C
3 1
(1)
,
3
C
4 3
C
4 3
C
5 1
(2)
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Table D.3, Possible matches for I× C – continued from previous page
Matter spectrum Baryon- and Lepton number violation
possibility no. 4
a = −1, b = 0; (Hu, Hd) = (2I1,2I2)
heavy (ucR, d
c
R): (− ,3C3 )
light ucR: 3
C
1 , 3
C
4 ; light d
c
R: 3
C
2 , 3
C
5
heavy generations of (L, νcR, e
c
R):
(2I1,− ,1(2)), (2I2,1(5),1(3)), (2I3,1(6),1(4))
light νcR: 1
(5), 1(6); light ecR: 1
(1)
1µ: 1
(5)
α: (2I1,3
C
2 ) , (2
I
2,3
C
3 ) , (2
I
3,3
C
5 ) ; β: 3
C
1 3
C
3 3
C
5 ,
3
C
4 3
C
3 3
C
2 , 3
C
4 3
C
5 3
C
5 ; δ: 1
(5)
1(6)1(6), 1(5)1
(6)
1
(6)
;
γ: 2I12
I
21
(2)
, 2I12
I
31
(1)
, 2I22
I
21
(3)
, 2I22
I
31
(4)
, 2I32
I
31
(2)
;
λ1: 2
I
2; λ3: − ; λ6: − ; λ8: 1(2); λ10: (3C5 )∗;
λ4: (3
C
1 ,1
(3)
), (3
C
4 ,1
(4)
) ; λ5: (2
I
1,2
I
1);
λ9: (3
C
1 , (2
I
2)
∗), (3
C
4 , (2
I
3)
∗);
λ7: 3
C
1 (3
C
3 )
∗1
(3)
, 3
C
1 (3
C
2 )
∗1
(2)
, 3
C
1 (3
C
5 )
∗1
(4)
,
3
C
4 (3
C
3 )
∗1
(4)
, 3
C
4 (3
C
2 )
∗1
(1)
, 3
C
4 (3
C
5 )
∗1
(2)
;
λ2: 3
C
1 3
C
1 3
C
3 1
(4)
, 3
C
1 3
C
1 3
C
5 1
(3)
, 3
C
1 3
C
4 3
C
3 1
(2)
,
3
C
1 3
C
4 3
C
2 1
(3)
, 3
C
1 3
C
4 3
C
5 1
(4)
, 3
C
4 3
C
4 3
C
3 1
(1)
, 3
C
4 3
C
4 3
C
2 1
(4)
,
3
C
4 3
C
4 3
C
5 1
(2)
possibility no. 5
a = −1, b = 0; (Hu, Hd) = (2I1,2I3)
heavy (ucR, d
c
R): (− ,3C5 )
light ucR: 3
C
1 , 3
C
4 ; light d
c
R: 3
C
2 , 3
C
3
heavy generations of (L, νcR, e
c
R):
(2I1,− ,1(1)), (2I2,1(5),1(4)), (2I3,1(6),1(2))
light νcR: 1
(5), 1(6); light ecR: 1
(3)
1µ: 1
(6)
α: (2I1,3
C
2 ) , (2
I
2,3
C
3 ) , (2
I
3,3
C
5 ) ; β: 3
C
1 3
C
5 3
C
3 ,
3
C
4 3
C
5 3
C
5 , 3
C
4 3
C
2 3
C
3 ; δ: 1
(5)
1(6)1(6), 1(5)1
(6)
1
(6)
;
γ: 2I12
I
21
(2)
, 2I12
I
31
(1)
, 2I22
I
21
(3)
, 2I22
I
31
(4)
, 2I32
I
31
(2)
;
λ1: 2
I
2; λ3: X ; λ6: − ; λ8: 1(1); λ10: (3C5 )∗;
λ4: (3
C
1 ,1
(4)
), (3
C
4 ,1
(2)
) ; λ5: (2
I
1,2
I
1);
λ9: (3
C
1 , (2
I
2)
∗), (3
C
4 , (2
I
3)
∗);
λ7: 3
C
1 (3
C
5 )
∗1
(4)
, 3
C
1 (3
C
2 )
∗1
(2)
, 3
C
1 (3
C
3 )
∗1
(3)
,
3
C
4 (3
C
5 )
∗1
(2)
, 3
C
4 (3
C
2 )
∗1
(1)
, 3
C
4 (3
C
3 )
∗1
(4)
;
λ2: 3
C
1 3
C
1 3
C
5 1
(3)
, 3
C
1 3
C
1 3
C
3 1
(4)
, 3
C
1 3
C
4 3
C
5 1
(4)
,
3
C
1 3
C
4 3
C
2 1
(3)
, 3
C
1 3
C
4 3
C
3 1
(2)
, 3
C
4 3
C
4 3
C
5 1
(2)
, 3
C
4 3
C
4 3
C
2 1
(4)
,
3
C
4 3
C
4 3
C
3 1
(1)
possibility no. 6
a = −1, b = 1; (Hu, Hd) = (2I2,2I2)
heavy (ucR, d
c
R): (3
C
3 ,3
C
1 )
light ucR: 3
C
4 ; light d
c
R: 3
C
5
heavy generations of (L, νcR, e
c
R):
(2
I
2,− ,1(3)), (2I3,1(4),1(6))
light νcR: 1
(4); light ecR: 1
(2)
1µ: −
α: (2
I
2,3
C
1 ) , (2
I
3,3
C
5 ) ; β: 3
C
3 3
C
1 3
C
5 , 3
C
4 3
C
5 3
C
5 ; δ: − ;
γ: 2
I
22
I
21
(3), 2
I
22
I
31
(6), 2I32
I
31
(2)
;
λ1: 2
I
1; λ3: − ; λ6: 2I1; λ8: 1(3); λ10: (3C5 )∗;
λ4: (3
C
3 ,1
(3)), (3
C
4 ,1
(6)) ; λ5: (2
I
2,2
I
2);
λ9: (3
C
3 , (2
I
2)
∗), (3
C
4 , (2
I
3)
∗);
λ7: 3
C
3 (3
C
1 )
∗1(3), 3
C
3 (3
C
5 )
∗1(6), 3
C
4 (3
C
1 )
∗1(6),
3
C
4 (3
C
5 )
∗1
(2)
;
λ2: 3
C
3 3
C
3 3
C
1 1
(6), 3
C
3 3
C
3 3
C
5 1
(3), 3
C
3 3
C
4 3
C
1 1
(2)
,
3
C
3 3
C
4 3
C
5 1
(6), 3
C
4 3
C
4 3
C
5 1
(2)
possibility no. 7
a = −1, b = 1; (Hu, Hd) = (2I2,2I3)
heavy (ucR, d
c
R): (3
C
3 ,3
C
5 )
light ucR: 3
C
4 ; light d
c
R: 3
C
1
heavy generations of (L, νcR, e
c
R):
(2
I
2,− ,1(6)), (2I3,1(4),1(2))
light νcR: 1
(4); light ecR: 1
(3)
1µ: 1
(4)
α: (2
I
2,3
C
1 ) , (2
I
3,3
C
5 ) ; β: 3
C
3 3
C
5 3
C
1 , 3
C
4 3
C
5 3
C
5 ; δ: − ;
γ: 2
I
22
I
21
(3), 2
I
22
I
31
(6), 2I32
I
31
(2)
;
λ1: 2
I
1; λ3: X ; λ6: − ; λ8: 1(6); λ10: (3C5 )∗;
λ4: (3
C
3 ,1
(6)), (3
C
4 ,1
(2)
) ; λ5: (2
I
2,2
I
2);
λ9: (3
C
3 , (2
I
2)
∗), (3
C
4 , (2
I
3)
∗);
λ7: 3
C
3 (3
C
5 )
∗1(6), 3
C
3 (3
C
1 )
∗1(3), 3
C
4 (3
C
5 )
∗1
(2)
,
3
C
4 (3
C
1 )
∗1(6);
λ2: 3
C
3 3
C
3 3
C
5 1
(3), 3
C
3 3
C
3 3
C
1 1
(6), 3
C
3 3
C
4 3
C
5 1
(6),
3
C
3 3
C
4 3
C
1 1
(2)
, 3
C
4 3
C
4 3
C
5 1
(2)
Continued on next page
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Table D.3, Possible matches for I× C – continued from previous page
Matter spectrum Baryon- and Lepton number violation
possibility no. 8
a = −1, b = 0; (Hu, Hd) = (2I2,2I1)
heavy (ucR, d
c
R): (3
C
1 ,3
C
2 )
light ucR: 3
C
4 ; light d
c
R: 3
C
3 , 3
C
5
heavy generations of (L, νcR, e
c
R):
(2I1,1
(5),− ), (2I2,− ,1(2)), (2I3,1(6),1(1))
light νcR: 1
(5)
, 1
(6)
; light ecR: 1
(3)
, 1
(4)
1µ: 1
(5)
α: (2I1,3
C
2 ) , (2
I
2,3
C
3 ) , (2
I
3,3
C
5 ) ; β: 3
C
1 3
C
3 3
C
5 ,
3
C
4 3
C
2 3
C
3 , 3
C
4 3
C
5 3
C
5 ; δ: 1
(5)
1(6)1(6), 1(5)1
(6)
1
(6)
;
γ: 2I12
I
21
(2)
, 2I12
I
31
(1)
, 2I22
I
21
(3)
, 2I22
I
31
(4)
, 2I32
I
31
(2)
;
λ1: 2
I
2; λ3: − ; λ6: − ; λ8: 1(2); λ10: (3C5 )∗;
λ4: (3
C
1 ,1
(2)
), (3
C
4 ,1
(1)
) ; λ5: (2
I
2,2
I
2);
λ9: (3
C
1 , (2
I
2)
∗), (3
C
4 , (2
I
3)
∗);
λ7: 3
C
1 (3
C
2 )
∗1
(2)
, 3
C
1 (3
C
3 )
∗1
(3)
, 3
C
1 (3
C
5 )
∗1
(4)
,
3
C
4 (3
C
2 )
∗1
(1)
, 3
C
4 (3
C
3 )
∗1
(4)
, 3
C
4 (3
C
5 )
∗1
(2)
;
λ2: 3
C
1 3
C
1 3
C
3 1
(4)
, 3
C
1 3
C
1 3
C
5 1
(3)
, 3
C
1 3
C
4 3
C
2 1
(3)
,
3
C
1 3
C
4 3
C
3 1
(2)
, 3
C
1 3
C
4 3
C
5 1
(4)
, 3
C
4 3
C
4 3
C
2 1
(4)
, 3
C
4 3
C
4 3
C
3 1
(1)
,
3
C
4 3
C
4 3
C
5 1
(2)
possibility no. 9
a = −1, b = 0; (Hu, Hd) = (2I2,2I2)
heavy (ucR, d
c
R): (3
C
1 ,3
C
3 )
light ucR: 3
C
4 ; light d
c
R: 3
C
2 , 3
C
5
heavy generations of (L, νcR, e
c
R):
(2I1,1
(5),1
(2)
), (2I2,− ,1(3)), (2I3,1(6),1(4))
light νcR: 1
(5)
, 1
(6)
; light ecR: 1
(1)
1µ: −
α: (2I1,3
C
2 ) , (2
I
2,3
C
3 ) , (2
I
3,3
C
5 ) ; β: 3
C
1 3
C
3 3
C
5 ,
3
C
4 3
C
3 3
C
2 , 3
C
4 3
C
5 3
C
5 ; δ: 1
(5)
1(6)1(6), 1(5)1
(6)
1
(6)
;
γ: 2I12
I
21
(2)
, 2I12
I
31
(1)
, 2I22
I
21
(3)
, 2I22
I
31
(4)
, 2I32
I
31
(2)
;
λ1: 2
I
2; λ3: − ; λ6: 2I1; λ8: 1(3); λ10: (3C5 )∗;
λ4: (3
C
1 ,1
(3)
), (3
C
4 ,1
(4)
) ; λ5: (2
I
2,2
I
2);
λ9: (3
C
1 , (2
I
2)
∗), (3
C
4 , (2
I
3)
∗);
λ7: 3
C
1 (3
C
3 )
∗1
(3)
, 3
C
1 (3
C
2 )
∗1
(2)
, 3
C
1 (3
C
5 )
∗1
(4)
,
3
C
4 (3
C
3 )
∗1
(4)
, 3
C
4 (3
C
2 )
∗1
(1)
, 3
C
4 (3
C
5 )
∗1
(2)
;
λ2: 3
C
1 3
C
1 3
C
3 1
(4)
, 3
C
1 3
C
1 3
C
5 1
(3)
, 3
C
1 3
C
4 3
C
3 1
(2)
,
3
C
1 3
C
4 3
C
2 1
(3)
, 3
C
1 3
C
4 3
C
5 1
(4)
, 3
C
4 3
C
4 3
C
3 1
(1)
, 3
C
4 3
C
4 3
C
2 1
(4)
,
3
C
4 3
C
4 3
C
5 1
(2)
possibility no. 10
a = −1, b = 0; (Hu, Hd) = (2I2,2I3)
heavy (ucR, d
c
R): (3
C
1 ,3
C
5 )
light ucR: 3
C
4 ; light d
c
R: 3
C
2 , 3
C
3
heavy generations of (L, νcR, e
c
R):
(2I1,1
(5),1
(1)
), (2I2,− ,1(4)), (2I3,1(6),1(2))
light νcR: 1
(5)
, 1
(6)
; light ecR: 1
(3)
1µ: 1
(6)
α: (2I1,3
C
2 ) , (2
I
2,3
C
3 ) , (2
I
3,3
C
5 ) ; β: 3
C
1 3
C
5 3
C
3 ,
3
C
4 3
C
5 3
C
5 , 3
C
4 3
C
2 3
C
3 ; δ: 1
(5)
1(6)1(6), 1(5)1
(6)
1
(6)
;
γ: 2I12
I
21
(2)
, 2I12
I
31
(1)
, 2I22
I
21
(3)
, 2I22
I
31
(4)
, 2I32
I
31
(2)
;
λ1: 2
I
2; λ3: X ; λ6: − ; λ8: 1(4); λ10: (3C5 )∗;
λ4: (3
C
1 ,1
(4)
), (3
C
4 ,1
(2)
) ; λ5: (2
I
2,2
I
2);
λ9: (3
C
1 , (2
I
2)
∗), (3
C
4 , (2
I
3)
∗);
λ7: 3
C
1 (3
C
5 )
∗1
(4)
, 3
C
1 (3
C
2 )
∗1
(2)
, 3
C
1 (3
C
3 )
∗1
(3)
,
3
C
4 (3
C
5 )
∗1
(2)
, 3
C
4 (3
C
2 )
∗1
(1)
, 3
C
4 (3
C
3 )
∗1
(4)
;
λ2: 3
C
1 3
C
1 3
C
5 1
(3)
, 3
C
1 3
C
1 3
C
3 1
(4)
, 3
C
1 3
C
4 3
C
5 1
(4)
,
3
C
1 3
C
4 3
C
2 1
(3)
, 3
C
1 3
C
4 3
C
3 1
(2)
, 3
C
4 3
C
4 3
C
5 1
(2)
, 3
C
4 3
C
4 3
C
2 1
(4)
,
3
C
4 3
C
4 3
C
3 1
(1)
possibility no. 11
a = −1, b = 0; (Hu, Hd) = (2I3,2I1)
heavy (ucR, d
c
R): (3
C
4 ,3
C
2 )
light ucR: 3
C
1 ; light d
c
R: 3
C
3 , 3
C
5
heavy generations of (L, νcR, e
c
R):
(2I1,1
(6),− ), (2I2,1(6),1(2)), (2I3,− ,1(1))
light νcR: 1
(5), 1
(5)
; light ecR: 1
(3)
, 1
(4)
1µ: 1
(6)
α: (2I1,3
C
2 ) , (2
I
2,3
C
3 ) , (2
I
3,3
C
5 ) ; β: 3
C
4 3
C
2 3
C
3 ,
3
C
4 3
C
5 3
C
5 , 3
C
1 3
C
3 3
C
5 ; δ: 1
(5)
1(6)1(6), 1(5)1
(6)
1
(6)
;
γ: 2I12
I
21
(2)
, 2I12
I
31
(1)
, 2I22
I
21
(3)
, 2I22
I
31
(4)
, 2I32
I
31
(2)
;
λ1: 2
I
2; λ3: − ; λ6: 2I1; λ8: 1(1); λ10: (3C5 )∗;
λ4: (3
C
4 ,1
(1)
), (3
C
1 ,1
(2)
) ; λ5: (2
I
1,2
I
2), (2
I
3,2
I
3);
λ9: (3
C
1 , (2
I
2)
∗), (3
C
4 , (2
I
3)
∗);
λ7: 3
C
4 (3
C
2 )
∗1
(1)
, 3
C
4 (3
C
3 )
∗1
(4)
, 3
C
4 (3
C
5 )
∗1
(2)
,
3
C
1 (3
C
2 )
∗1
(2)
, 3
C
1 (3
C
3 )
∗1
(3)
, 3
C
1 (3
C
5 )
∗1
(4)
;
λ2: 3
C
4 3
C
4 3
C
2 1
(4)
, 3
C
4 3
C
4 3
C
3 1
(1)
, 3
C
4 3
C
4 3
C
5 1
(2)
,
3
C
4 3
C
1 3
C
2 1
(3)
, 3
C
4 3
C
1 3
C
3 1
(2)
, 3
C
4 3
C
1 3
C
5 1
(4)
, 3
C
1 3
C
1 3
C
3 1
(4)
,
3
C
1 3
C
1 3
C
5 1
(3)
Continued on next page
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Table D.3, Possible matches for I× C – continued from previous page
Matter spectrum Baryon- and Lepton number violation
possibility no. 12
a = −1, b = −1; (Hu, Hd) = (2I3,2I1)
heavy (ucR, d
c
R): (3
C
4 ,− )
light ucR: 3
C
2 ; light d
c
R: 3
C
5
heavy generations of (L, νcR, e
c
R):
(2
I
1,1
(1),− ), (2I3,− ,1(6))
light νcR: 1
(1)
; light ecR: 1
(2)
1µ: 1
(1)
α: (2I3,3
C
5 ) ; β: 3
C
4 3
C
5 3
C
5 ; δ: − ;
γ: 2
I
12
I
31
(6)
, 2I32
I
31
(2)
;
λ1: 2
I
1; λ3: − ; λ6: − ; λ8: 1(6); λ10: (3C5 )∗;
λ4: (3
C
4 ,1
(6)
); λ5: (2
I
3,2
I
3);
λ9: (3
C
2 , (2
I
1)
∗), (3
C
4 , (2
I
3)
∗);
λ7: 3
C
4 (3
C
5 )
∗1
(2)
, 3
C
2 (3
C
5 )
∗1
(6)
;
λ2: 3
C
4 3
C
4 3
C
5 1
(2)
, 3
C
4 3
C
2 3
C
5 1
(6)
possibility no. 13
a = −1, b = 0; (Hu, Hd) = (2I3,2I2)
heavy (ucR, d
c
R): (3
C
4 ,3
C
3 )
light ucR: 3
C
1 ; light d
c
R: 3
C
2 , 3
C
5
heavy generations of (L, νcR, e
c
R):
(2I1,1
(6),1
(2)
), (2I2,1
(6)
,1
(3)
), (2I3,− ,1(4))
light νcR: 1
(5), 1
(5)
; light ecR: 1
(1)
1µ: 1
(6)
α: (2I1,3
C
2 ) , (2
I
2,3
C
3 ) , (2
I
3,3
C
5 ) ; β: 3
C
4 3
C
3 3
C
2 ,
3
C
4 3
C
5 3
C
5 , 3
C
1 3
C
3 3
C
5 ; δ: 1
(5)
1(6)1(6), 1(5)1
(6)
1
(6)
;
γ: 2I12
I
21
(2)
, 2I12
I
31
(1)
, 2I22
I
21
(3)
, 2I22
I
31
(4)
, 2I32
I
31
(2)
;
λ1: 2
I
2; λ3: − ; λ6: 2I1; λ8: 1(4); λ10: (3C5 )∗;
λ4: (3
C
4 ,1
(4)
), (3
C
1 ,1
(3)
) ; λ5: (2
I
1,2
I
2), (2
I
3,2
I
3);
λ9: (3
C
1 , (2
I
2)
∗), (3
C
4 , (2
I
3)
∗);
λ7: 3
C
4 (3
C
3 )
∗1
(4)
, 3
C
4 (3
C
2 )
∗1
(1)
, 3
C
4 (3
C
5 )
∗1
(2)
,
3
C
1 (3
C
3 )
∗1
(3)
, 3
C
1 (3
C
2 )
∗1
(2)
, 3
C
1 (3
C
5 )
∗1
(4)
;
λ2: 3
C
4 3
C
4 3
C
3 1
(1)
, 3
C
4 3
C
4 3
C
2 1
(4)
, 3
C
4 3
C
4 3
C
5 1
(2)
,
3
C
4 3
C
1 3
C
3 1
(2)
, 3
C
4 3
C
1 3
C
2 1
(3)
, 3
C
4 3
C
1 3
C
5 1
(4)
, 3
C
1 3
C
1 3
C
3 1
(4)
,
3
C
1 3
C
1 3
C
5 1
(3)
possibility no. 14
a = −1, b = 1; (Hu, Hd) = (2I3,2I2)
heavy (ucR, d
c
R): (3
C
4 ,3
C
1 )
light ucR: 3
C
3 ; light d
c
R: 3
C
5
heavy generations of (L, νcR, e
c
R):
(2
I
2,1
(4),1(3)), (2I3,− ,1(6))
light νcR: 1
(4)
; light ecR: 1
(2)
1µ: 1
(4)
α: (2
I
2,3
C
1 ) , (2
I
3,3
C
5 ) ; β: 3
C
4 3
C
5 3
C
5 , 3
C
3 3
C
1 3
C
5 ; δ: − ;
γ: 2
I
22
I
21
(3), 2
I
22
I
31
(6), 2I32
I
31
(2)
;
λ1: 2
I
1; λ3: − ; λ6: − ; λ8: 1(6); λ10: (3C5 )∗;
λ4: (3
C
4 ,1
(6)), (3
C
3 ,1
(3)) ; λ5: (2
I
3,2
I
3);
λ9: (3
C
3 , (2
I
2)
∗), (3
C
4 , (2
I
3)
∗);
λ7: 3
C
4 (3
C
1 )
∗1(6), 3
C
4 (3
C
5 )
∗1
(2)
, 3
C
3 (3
C
1 )
∗1(3),
3
C
3 (3
C
5 )
∗1(6);
λ2: 3
C
4 3
C
4 3
C
5 1
(2)
, 3
C
4 3
C
3 3
C
1 1
(2)
, 3
C
4 3
C
3 3
C
5 1
(6),
3
C
3 3
C
3 3
C
1 1
(6), 3
C
3 3
C
3 3
C
5 1
(3)
Incomplete match
a = −1; (Hu, Hd) = (2I3,2I3)
heavy (ucR, d
c
R): (3
C
4 ,3
C
5 )
ecR: 1
(2)
1µ: −
other states depend on value of b
β: X, λ2: X, λ3: X, λ4: X, λ7: X, λ8: X, λ10: X
other couplings depend on value of b
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Table D.4: Possible matches for III×A
Matter spectrum Baryon- and Lepton number violation
possibility no. 1
a = 1
2
, b = −1; (Hu, Hd) = (2III1 ,2III1 )
heavy (ucR, d
c
R): (3
A
1 ,− )
light ucR: − ; light dcR: 3A4
heavy generations of (L, νcR, e
c
R):
(2
III
1 ,− ,− ), (2III2 ,− ,1(6))
light νcR: − ; light ecR: −
1µ: −
α: (2III2 ,3
A
4 ) ; β: - ; δ: − ;
γ: 2
III
1 2
III
2 1
(6)
;
λ1: 2
III
1 ; λ3: − ; λ6: 2III1 ; λ8: − ; λ10: (3A4 )∗;
λ4: − ; λ5: (2III1 ,2III1 );
λ9: (3
A
1 , (2
III
1 )
∗);
λ7: 3
A
1 (3
A
4 )
∗1
(6)
;
λ2: −
possibility no. 2
a = 1
2
, b = −1; (Hu, Hd) = (2III1 ,2III2 )
heavy (ucR, d
c
R): (3
A
1 ,3
A
4 )
light ucR: − ; light dcR: −
heavy generations of (L, νcR, e
c
R):
(2
III
1 ,− ,1(6)), (2III2 ,− ,− )
light νcR: − ; light ecR: −
1µ: −
α: (2III2 ,3
A
4 ) ; β: - ; δ: − ;
γ: 2
III
1 2
III
2 1
(6)
;
λ1: 2
III
1 ; λ3: X ; λ6: − ; λ8: 1(6); λ10: (3A4 )∗;
λ4: (3
A
1 ,1
(6)
); λ5: (2
III
1 ,2
III
1 );
λ9: (3
A
1 , (2
III
1 )
∗);
λ7: 3
A
1 (3
A
4 )
∗1
(6)
;
λ2: −
possibility no. 3
a = 1
2
, b = −1; (Hu, Hd) = (2III2 ,2III1 )
heavy (ucR, d
c
R): (− ,− )
light ucR: 3
A
1 ; light d
c
R: 3
A
4
heavy generations of (L, νcR, e
c
R):
(2
III
1 ,− ,− ), (2III2 ,− ,1(6))
light νcR: − ; light ecR: −
1µ: −
α: (2III2 ,3
A
4 ) ; β: - ; δ: − ;
γ: 2
III
1 2
III
2 1
(6)
;
λ1: 2
III
1 ; λ3: − ; λ6: − ; λ8: 1(6); λ10: (3A4 )∗;
λ4: − ; λ5: (2III2 ,2III2 );
λ9: (3
A
1 , (2
III
1 )
∗);
λ7: 3
A
1 (3
A
4 )
∗1
(6)
;
λ2: −
possibility no. 4
a = 0, b = − 1
2
; (Hu, Hd) = (2
III
2 ,2
III
3 )
heavy (ucR, d
c
R): (− ,3A3 )
light ucR: 3
A
2 ; light d
c
R: 3
A
4
heavy generations of (L, νcR, e
c
R):
(2III2 ,− ,1(3)), (2III3 ,1(2),1(5))
light νcR: 1
(2)
; light ecR: −
1µ: 1
(2)
α: (2III2 ,3
A
4 ) , (2
III
3 ,3
A
3 ) ; β: 3
A
2 3
A
3 3
A
4 ; δ: − ;
γ: 2III2 2
III
3 1
(3)
, 2III3 2
III
3 1
(5)
;
λ1: 2
III
1 ; λ3: − ; λ6: − ; λ8: 1(3); λ10: (3A4 )∗;
λ4: (3
A
2 ,1
(5)
); λ5: (2
III
2 ,2
III
2 );
λ9: (3
A
2 , (2
III
3 )
∗);
λ7: 3
A
2 (3
A
3 )
∗1
(5)
, 3
A
2 (3
A
4 )
∗1
(3)
;
λ2: 3
A
2 3
A
2 3
A
3 1
(3)
, 3
A
2 3
A
2 3
A
4 1
(5)
possibility no. 5
a = −1, b = 1
2
; (Hu, Hd) = (2
III
2 ,2
III
3 )
heavy (ucR, d
c
R): (− ,3A2 )
light ucR: 3
A
3 ; light d
c
R: 3
A
4
heavy generations of (L, νcR, e
c
R):
(2III2 ,− ,1(2)), (2III3 ,1(3),1(5))
light νcR: 1
(3)
; light ecR: −
1µ: 1
(3)
α: (2III2 ,3
A
4 ) , (2
III
3 ,3
A
2 ) ; β: 3
A
3 3
A
2 3
A
4 ; δ: − ;
γ: 2III2 2
III
3 1
(2)
, 2
III
3 2
III
3 1
(5);
λ1: 2
III
1 ; λ3: − ; λ6: − ; λ8: 1(2); λ10: (3A4 )∗;
λ4: (3
A
3 ,1
(5)); λ5: (2
III
2 ,2
III
2 );
λ9: (3
A
3 , (2
III
3 )
∗);
λ7: 3
A
3 (3
A
2 )
∗1(5), 3
A
3 (3
A
4 )
∗1
(2)
;
λ2: 3
A
3 3
A
3 3
A
2 1
(2)
, 3
A
3 3
A
3 3
A
4 1
(5)
Continued on next page
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Table D.4, Possible matches for III×A – continued from previous page
Matter spectrum Baryon- and Lepton number violation
possibility no. 6
a = −1, b = 1
2
; (Hu, Hd) = (2
III
3 ,2
III
2 )
heavy (ucR, d
c
R): (3
A
3 ,3
A
4 )
light ucR: − ; light dcR: 3A2
heavy generations of (L, νcR, e
c
R):
(2III2 ,1
(3)
,− ), (2III3 ,− ,1(2))
light νcR: 1
(3); light ecR: 1
(5)
1µ: 1
(3)
α: (2III2 ,3
A
4 ) , (2
III
3 ,3
A
2 ) ; β: 3
A
3 3
A
4 3
A
2 ; δ: − ;
γ: 2III2 2
III
3 1
(2)
, 2
III
3 2
III
3 1
(5);
λ1: 2
III
1 ; λ3: X ; λ6: − ; λ8: 1(2); λ10: (3A4 )∗;
λ4: (3
A
3 ,1
(2)
); λ5: (2
III
3 ,2
III
3 );
λ9: (3
A
3 , (2
III
3 )
∗);
λ7: 3
A
3 (3
A
4 )
∗1
(2)
, 3
A
3 (3
A
2 )
∗1(5);
λ2: 3
A
3 3
A
3 3
A
4 1
(5), 3
A
3 3
A
3 3
A
2 1
(2)
possibility no. 7
a = −1, b = 1
2
; (Hu, Hd) = (2
III
3 ,2
III
3 )
heavy (ucR, d
c
R): (3
A
3 ,3
A
2 )
light ucR: − ; light dcR: 3A4
heavy generations of (L, νcR, e
c
R):
(2III2 ,1
(3)
,1
(2)
), (2
III
3 ,− ,1(5))
light νcR: 1
(3); light ecR: −
1µ: −
α: (2III2 ,3
A
4 ) , (2
III
3 ,3
A
2 ) ; β: 3
A
3 3
A
2 3
A
4 ; δ: − ;
γ: 2III2 2
III
3 1
(2)
, 2
III
3 2
III
3 1
(5);
λ1: 2
III
1 ; λ3: − ; λ6: 2III1 ; λ8: 1(5); λ10: (3A4 )∗;
λ4: (3
A
3 ,1
(5)); λ5: (2
III
3 ,2
III
3 );
λ9: (3
A
3 , (2
III
3 )
∗);
λ7: 3
A
3 (3
A
2 )
∗1(5), 3
A
3 (3
A
4 )
∗1
(2)
;
λ2: 3
A
3 3
A
3 3
A
2 1
(2)
, 3
A
3 3
A
3 3
A
4 1
(5)
possibility no. 8
a = 0, b = − 1
2
; (Hu, Hd) = (2
III
3 ,2
III
2 )
heavy (ucR, d
c
R): (3
A
2 ,3
A
4 )
light ucR: − ; light dcR: 3A3
heavy generations of (L, νcR, e
c
R):
(2III2 ,1
(2)
,− ), (2III3 ,− ,1(3))
light νcR: 1
(2); light ecR: 1
(5)
1µ: 1
(2)
α: (2III2 ,3
A
4 ) , (2
III
3 ,3
A
3 ) ; β: 3
A
2 3
A
4 3
A
3 ; δ: − ;
γ: 2III2 2
III
3 1
(3)
, 2III3 2
III
3 1
(5)
;
λ1: 2
III
1 ; λ3: X ; λ6: − ; λ8: 1(3); λ10: (3A4 )∗;
λ4: (3
A
2 ,1
(3)
); λ5: (2
III
3 ,2
III
3 );
λ9: (3
A
2 , (2
III
3 )
∗);
λ7: 3
A
2 (3
A
4 )
∗1
(3)
, 3
A
2 (3
A
3 )
∗1
(5)
;
λ2: 3
A
2 3
A
2 3
A
4 1
(5)
, 3
A
2 3
A
2 3
A
3 1
(3)
possibility no. 9
a = 0, b = − 1
2
; (Hu, Hd) = (2
III
3 ,2
III
3 )
heavy (ucR, d
c
R): (3
A
2 ,3
A
3 )
light ucR: − ; light dcR: 3A4
heavy generations of (L, νcR, e
c
R):
(2III2 ,1
(2)
,1
(3)
), (2III3 ,− ,1(5))
light νcR: 1
(2); light ecR: −
1µ: −
α: (2III2 ,3
A
4 ) , (2
III
3 ,3
A
3 ) ; β: 3
A
2 3
A
3 3
A
4 ; δ: − ;
γ: 2III2 2
III
3 1
(3)
, 2III3 2
III
3 1
(5)
;
λ1: 2
III
1 ; λ3: − ; λ6: 2III1 ; λ8: 1(5); λ10: (3A4 )∗;
λ4: (3
A
2 ,1
(5)
); λ5: (2
III
3 ,2
III
3 );
λ9: (3
A
2 , (2
III
3 )
∗);
λ7: 3
A
2 (3
A
3 )
∗1
(5)
, 3
A
2 (3
A
4 )
∗1
(3)
;
λ2: 3
A
2 3
A
2 3
A
3 1
(3)
, 3
A
2 3
A
2 3
A
4 1
(5)
Incomplete match
a = − 1
2
− b; (Hu, Hd) = (2III2 ,2III2 )
heavy dcR: 3
A
4
1µ: −
other states depend on value of b
λ3: X, λ10: X
other couplings depend on value of b
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Table D.5: Possible matches for III× B
Matter spectrum Baryon- and Lepton number violation
possibility no. 1
a = − 1
2
, b = 1
2
; (Hu, Hd) = (2
III
1 ,2
III
1 )
heavy (ucR, d
c
R): (− ,3B5 )
light ucR: 3
B
2 ; light d
c
R: 3
B
1
heavy generations of (L, νcR, e
c
R):
(2III1 ,− ,− ), (2III3 ,1(4),1(1))
light νcR: 1
(4)
; light ecR: 1
(5)
1µ: −
α: (2III1 ,3
B
5 ) , (2
III
3 ,3
B
1 ) ; β: 3
B
2 3
B
5 3
B
5 ; δ: − ;
γ: 2III1 2
III
3 1
(1)
, 2
III
3 2
III
3 1
(5);
λ1: − ; λ3: − ; λ6: 2III1 ; λ8: − ; λ10: − ;
λ4: (3
B
2 ,1
(1)
); λ5: (2
III
1 ,2
III
1 );
λ9: (3
B
2 , (2
III
3 )
∗);
λ7: 3
B
2 (3
B
5 )
∗1
(1)
, 3
B
2 (3
B
1 )
∗1(5);
λ2: 3
B
2 3
B
2 3
B
5 1
(1)
possibility no. 2
a = − 1
2
, b = 1
2
; (Hu, Hd) = (2
III
1 ,2
III
3 )
heavy (ucR, d
c
R): (− ,3B1 )
light ucR: 3
B
2 ; light d
c
R: 3
B
5
heavy generations of (L, νcR, e
c
R):
(2III1 ,− ,1(1)), (2III3 ,1(4),1(5))
light νcR: 1
(4)
; light ecR: −
1µ: 1
(4)
α: (2III1 ,3
B
5 ) , (2
III
3 ,3
B
1 ) ; β: 3
B
2 3
B
5 3
B
5 ; δ: − ;
γ: 2III1 2
III
3 1
(1)
, 2
III
3 2
III
3 1
(5);
λ1: − ; λ3: − ; λ6: − ; λ8: 1(1); λ10: − ;
λ4: (3
B
2 ,1
(5)); λ5: (2
III
1 ,2
III
1 );
λ9: (3
B
2 , (2
III
3 )
∗);
λ7: 3
B
2 (3
B
1 )
∗1(5), 3
B
2 (3
B
5 )
∗1
(1)
;
λ2: 3
B
2 3
B
2 3
B
5 1
(1)
possibility no. 3
a = 0, b = − 1
2
; (Hu, Hd) = (2
III
2 ,2
III
2 )
heavy (ucR, d
c
R): (− ,3B4 )
light ucR: 3
B
1 ; light d
c
R: 3
B
2
heavy generations of (L, νcR, e
c
R):
(2III2 ,− ,− ), (2III3 ,1(2),1(3))
light νcR: 1
(2)
; light ecR: 1
(5)
1µ: −
α: (2III2 ,3
B
4 ) , (2
III
3 ,3
B
2 ) ; β: 3
B
1 3
B
4 3
B
4 ; δ: − ;
γ: 2III2 2
III
3 1
(3)
, 2III3 2
III
3 1
(5)
;
λ1: − ; λ3: − ; λ6: 2III1 ; λ8: − ; λ10: − ;
λ4: (3
B
1 ,1
(3)
); λ5: (2
III
2 ,2
III
2 );
λ9: (3
B
1 , (2
III
3 )
∗);
λ7: 3
B
1 (3
B
4 )
∗1
(3)
, 3
B
1 (3
B
2 )
∗1
(5)
;
λ2: 3
B
1 3
B
1 3
B
4 1
(3)
possibility no. 4
a = 0, b = − 1
2
; (Hu, Hd) = (2
III
2 ,2
III
3 )
heavy (ucR, d
c
R): (− ,3B2 )
light ucR: 3
B
1 ; light d
c
R: 3
B
4
heavy generations of (L, νcR, e
c
R):
(2III2 ,− ,1(3)), (2III3 ,1(2),1(5))
light νcR: 1
(2)
; light ecR: −
1µ: 1
(2)
α: (2III2 ,3
B
4 ) , (2
III
3 ,3
B
2 ) ; β: 3
B
1 3
B
4 3
B
4 ; δ: − ;
γ: 2III2 2
III
3 1
(3)
, 2III3 2
III
3 1
(5)
;
λ1: − ; λ3: − ; λ6: − ; λ8: 1(3); λ10: − ;
λ4: (3
B
1 ,1
(5)
); λ5: (2
III
2 ,2
III
2 );
λ9: (3
B
1 , (2
III
3 )
∗);
λ7: 3
B
1 (3
B
2 )
∗1
(5)
, 3
B
1 (3
B
4 )
∗1
(3)
;
λ2: 3
B
1 3
B
1 3
B
4 1
(3)
possibility no. 5
a = − 1
2
, b = 1
2
; (Hu, Hd) = (2
III
3 ,2
III
1 )
heavy (ucR, d
c
R): (3
B
2 ,3
B
5 )
light ucR: − ; light dcR: 3B1
heavy generations of (L, νcR, e
c
R):
(2III1 ,1
(4)
,− ), (2III3 ,− ,1(1))
light νcR: 1
(4); light ecR: 1
(5)
1µ: 1
(4)
α: (2III1 ,3
B
5 ) , (2
III
3 ,3
B
1 ) ; β: 3
B
2 3
B
5 3
B
5 ; δ: − ;
γ: 2III1 2
III
3 1
(1)
, 2
III
3 2
III
3 1
(5);
λ1: − ; λ3: − ; λ6: − ; λ8: 1(1); λ10: − ;
λ4: (3
B
2 ,1
(1)
); λ5: (2
III
3 ,2
III
3 );
λ9: (3
B
2 , (2
III
3 )
∗);
λ7: 3
B
2 (3
B
5 )
∗1
(1)
, 3
B
2 (3
B
1 )
∗1(5);
λ2: 3
B
2 3
B
2 3
B
5 1
(1)
Continued on next page
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Table D.5, Possible matches for III× B – continued from previous page
Matter spectrum Baryon- and Lepton number violation
possibility no. 6
a = − 1
2
, b = 1
2
; (Hu, Hd) = (2
III
3 ,2
III
3 )
heavy (ucR, d
c
R): (3
B
2 ,3
B
1 )
light ucR: − ; light dcR: 3B5
heavy generations of (L, νcR, e
c
R):
(2III1 ,1
(4)
,1
(1)
), (2
III
3 ,− ,1(5))
light νcR: 1
(4); light ecR: −
1µ: −
α: (2III1 ,3
B
5 ) , (2
III
3 ,3
B
1 ) ; β: 3
B
2 3
B
5 3
B
5 ; δ: − ;
γ: 2III1 2
III
3 1
(1)
, 2
III
3 2
III
3 1
(5);
λ1: − ; λ3: − ; λ6: 2III1 ; λ8: 1(5); λ10: − ;
λ4: (3
B
2 ,1
(5)); λ5: (2
III
3 ,2
III
3 );
λ9: (3
B
2 , (2
III
3 )
∗);
λ7: 3
B
2 (3
B
1 )
∗1(5), 3
B
2 (3
B
5 )
∗1
(1)
;
λ2: 3
B
2 3
B
2 3
B
5 1
(1)
possibility no. 7
a = 0, b = − 1
2
; (Hu, Hd) = (2
III
3 ,2
III
2 )
heavy (ucR, d
c
R): (3
B
1 ,3
B
4 )
light ucR: − ; light dcR: 3B2
heavy generations of (L, νcR, e
c
R):
(2III2 ,1
(2)
,− ), (2III3 ,− ,1(3))
light νcR: 1
(2); light ecR: 1
(5)
1µ: 1
(2)
α: (2III2 ,3
B
4 ) , (2
III
3 ,3
B
2 ) ; β: 3
B
1 3
B
4 3
B
4 ; δ: − ;
γ: 2III2 2
III
3 1
(3)
, 2III3 2
III
3 1
(5)
;
λ1: − ; λ3: − ; λ6: − ; λ8: 1(3); λ10: − ;
λ4: (3
B
1 ,1
(3)
); λ5: (2
III
3 ,2
III
3 );
λ9: (3
B
1 , (2
III
3 )
∗);
λ7: 3
B
1 (3
B
4 )
∗1
(3)
, 3
B
1 (3
B
2 )
∗1
(5)
;
λ2: 3
B
1 3
B
1 3
B
4 1
(3)
possibility no. 8
a = 0, b = − 1
2
; (Hu, Hd) = (2
III
3 ,2
III
3 )
heavy (ucR, d
c
R): (3
B
1 ,3
B
2 )
light ucR: − ; light dcR: 3B4
heavy generations of (L, νcR, e
c
R):
(2III2 ,1
(2)
,1
(3)
), (2III3 ,− ,1(5))
light νcR: 1
(2); light ecR: −
1µ: −
α: (2III2 ,3
B
4 ) , (2
III
3 ,3
B
2 ) ; β: 3
B
1 3
B
4 3
B
4 ; δ: − ;
γ: 2III2 2
III
3 1
(3)
, 2III3 2
III
3 1
(5)
;
λ1: − ; λ3: − ; λ6: 2III1 ; λ8: 1(5); λ10: − ;
λ4: (3
B
1 ,1
(5)
); λ5: (2
III
3 ,2
III
3 );
λ9: (3
B
1 , (2
III
3 )
∗);
λ7: 3
B
1 (3
B
2 )
∗1
(5)
, 3
B
1 (3
B
4 )
∗1
(3)
;
λ2: 3
B
1 3
B
1 3
B
4 1
(3)
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